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V¡j3rui8^m}isg jsx is^!^jsZ%}zj8rn jlZ\^jsZ\ql^!^! ¡\r]_^!nGirxn%}~'m}is^ﬁjlZ\^^!n\^mqsg ^mijsr]_}zjs^Xi8}n% ^m]¤M^m\\rn\
jlZ\^!xqs^m]3ioG}zq}znvjs^m^:jsZ\^8rn%~o%isrxn
%|  |2 ∈ Ls(Ω) :	rjsZ s > 1 r}n%«xn%~g-r γ > 3/2 §X^!nG^³
àxq
γ ≤ 3/2 :^Z%}I^2xn%~gW}n L1 ^Xikjlr]3}Ajl^2àxq'jsZ\^O^!nGirjkg3xz5jlZ\^¥hrn\^!jsru2^mn\^!qlg§ﬃY4Z%^tvo\^Xikjlrxn
ruio\n%\^!qﬃ:	Z%}zj:!xn%\r¼jlrxn%i :	r~~B} :^X}z¥«~r]_rjxz4}z|\|\qlxI¨Or]3}zjs^_ix~oOjlrxn%i>jsx-^mtvo%}zjsrxn%i
=
?>¤M^_}
isx~oOjlrxn5§ V¡>}£is^mtvo\^mn%^xz2}|\|\qlxI¨hr]3}Ajl^ﬁix~o\jsrxn%i
(%ε,

ε)
³
ε > 0
³@jlx |\qlx¤%~^m]
=
Z>il}Ajlri@%^mi
jlZ\^rn\^mtvo%}~rjsr^mi
=
Z>N:	r¼jlZ¦}3xnGikj}znvj
C
³Grn%O^m|G^mn%O^!nvj2x
ε
³1:'^!}n«}ilio\]_^³%}Aäjl^!q2|G}ilirn\8jsxW}
iso\¤%is^mtvo\^mn%^³hjsZ%}zj

ε →  :'^m}z¥h~g3rn H1,20 (Ω), %ε → %
:'^m}z¥h~g3rn
Lγ(Ω), =
/>
%ε

ε ⊗  ε →M ijl}zqN:'^m}¥h~g3rnjsZ\^is|%}!^xzﬃ2}Oxn]_^m}io%qs^Xi	}i ε→ 0, = >
:	Z%^!ql^ M = (Mi,j)3×3 O^!n\xjs^Xi} 3×3 ]3}zjsqlr¼¨h ¡I}~o%^m}\xn:]_^m}io\ql^@rn Ω § Vån:jlZ\^&^!n\^mql}~!}i^
jlZ\^R:'^m}¥ikj}zqBO^!à^mj&]_^m}iso\ql^ S = M−%  ⊗  6= 0 §Y4Z%ri@~^m}\ijlxjsZ\^2isxz å!}~~^m8xn%^mnvjsq}Ajsrxn
|%qsx¤\~^m]-³R:	Z\ru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Ωsing
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 jlZ\^!}n%^m~~u}Ajlrxn«xnG^!nvjlql}zjsrxn
|%Z\^!n\x]_^!n\xnrui4jlZ\^!}i^ﬃ:	Z%^!n«Or S = 0 §AX^mn%^:jlZ\^tvo\^Xikjlrxnrui4jlxWO^milqlr¤M^jsZ%^ikjlqsoG,jso%qs^:x
jlZ\^O^!à^m,j]_^X}iso\qs^}znGﬁjlx^@%n%-xn%Orjsrxn%i4o\nGO^!qR:	Z%r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Z ri3¤G}is^mxn jsZ\^
àx~~x:	rn\«qs^Xio%~¼jxn jsZ\^x]_|%},jln\^mili:|\qlx|M^!qsjsr^mixzix~o\jsrxn%ijlx«jsZ%^ﬁ^mn\^!q}z~r¢!^m ]_x]_^mnjlo\]
^Xtvo%}Ajlrxn5§>eho\|%|Gxvi^jsZ%}zj>jlZ\^jl^!n%isxq#@%^!~u\i
Πε = Π
(1)
ε + Π
(2)
ε
}n%-jlZ\^^m,jlxqs EA}~o\^Xào\n%jsrxn%i
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}zql^O^	@%n%^mxn¤Gxo\n%O^X-Ox]3}zrn
Ω ⊂ R3 }zn%il}Ajsruiàg3jsZ\^!xn%\r¼jlrxn%i
‖Π(1)ε ‖Lq(Ω) + ‖gε‖L1(Ω) ≤ c, =
	>
Π(1)ε → Π
:'^m}¥v~g3rn
Lq(Ω)9, gε → g :'^m}¥v~gWrn L1(Ω)3, = Ł?>
‖Π(2)ε ‖L3/2(Ω) + sup
B(x,R)⊂Ω
sup
0<r≤R
|SΠ(2)ε (x, r, R)| = ξε(R) → 0
}i
ε→ 0. = F?>
X2^!ql^jlZ\^:xnGikj}znvjli
q > 3/2
}zn%
c
ruirn%O^m|G^mn%O^mnj	x
ε
³vjlZ\^>rnvjs^mq}z~Mx|M^!q}Ajsxq
S
rui4O^	@%n%^mW¤hg
SΠ(x, r, R) =
∫
r<|x|<R
1
|x− y| (I− n⊗ n) : Π(y)dy , =
mZ>
:	Z%^!ql^
n = |x− y|−1(y − x) §
eOo\|\|Mxis^ﬁ}z~uix-jlZ%}Aj_}«i^Xtvo\^!n%!^
(%ε,

ε) ∈ K × H1,20 (Ω)
il}Ajsrui@%^mijsZ\^W^mn\^!qlg rn%^mtvo%}z~rjkg
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(%ε

ε ⊗  ε) +∇p(%ε) = Or Πε + gε rn D′(Ω) . = *>
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lim
r↘0
r−1
∫
B(x,r)∩Ω
(%ε|  ε|2 + p(%ε))dx = 0 àxq}~~ x ∈ Ω. = X?>
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∫
Ω
ϕ(x) : dS(x) =
∫
Ωsing
s(x)⊗ s(x) : ϕ(x)σ(x)dH1 	  ϕ ∈ C0(Ω)9. = m?>
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(H1, 1) ql^m,jlr @M}z¤\~^rBjsZ\^mqs^ri>}3î}]8r~gx C1 xn\^ åOr]_^!n%isrxn%}z~
]3}n\r¼àx~%i
Γk
io%ZjlZ%}Aj H1(Ωsing \ ∪kΓk) = 0.
Y4Z\^mxql^!]"§ﬁ~^m}\i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=
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Ω
ri
}-¤Mxo%n%O^m \x]3}zrn :	r¼jlZ
∂Ω ∈ C1+β ³ β ∈ (0, 1) ³}zn% !xn%isruO^!q}î}]8r~g x'¤Mxo\nG\}zqlgv EA}z~o\^
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ε
³
(α%+
√
ε%5)

+
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(
 ⊗ (%  − ε∇%)) +∇p = % < + Or Σ(  ) rn Ω, = m}Z>
α%+
√
ε%5 +
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
)− ε∆% = f rn Ω, u = 0, ∂n% = 0 xn ∂Ω. = m¤>
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‖%ε‖Lγ(Ω) + ‖

ε‖H1,2(Ω) + ‖%ε|

ε|2‖L1(Ω) ≤ c, =
Iz}Z>
ε1/2‖%4+γε ‖L1(Ω) + ε1/2‖%5ε|

ε|2‖L1(Ω) ≤ c, =
IA¤>
ε1/8‖%ε∇  ε‖L8/5(Ω) + ε1/8‖%ε

ε‖L24/7(Ω) ≤ c, =
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ε3/4‖∇%ε‖L2(Ω) + ε‖(1 + %ε)γ−2|∇%ε|2‖L1(Ω) ≤ c, =
Iz1>
	 
^B
γ = 1
 CBﬁﬀﬂ
U
- "  /%B B!
=
!?>
 BCB
 $ 	ﬃ
1   0	ﬀ1ﬁ 
	
‖%ε ln(1 + %ε)‖L1(Ω) + ε1/2‖%5ε ln(1 + %ε)‖L1(Ω) ≤ c. =
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}Ajlrxn%i}zql^3!}znG^!~~^m xq}n\xn\ Ljlqsrhr}~isrn\o\~u}zq
is^jWql^m}~~g ^!¨hruijli_ruiW} tvo\^mijsrxn :	Z\ruZ :^«!}n\n\xjﬁO^m!rO^ :	rjsZ !^!qsjl}zrnvjkg§ `2xzjs^£xn\~g jsZG}AjWr
}|\|\qlxI¨Or]3}Ajl^ix~o\jsrxn%i}zn%£}_²%x:ql^!rxn¦}qs^}z~uixWrnhA}zqlr}nj>o\n%O^mq2jlZ\^8},jlrxn«xzisx]_^qsxo\|
x→ x′ ³jlZ\^!nW}:!xn%!^!nvjsq}Ajlrxn8is^j&}n%_}:]_^m}io\ql^	O^!nGirjkg θ }~isx:}zql^	rnhA}zqlr}nvjo%n%O^!q&jsZ\^>},jlrxn
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}is|G^X,jli2xz@xo%q]_^jsZ%xh :	Z\rZ¦\^mis^!ql^:¤\qlr^!
\^milqlr|Ojlrxn5§
æ
Ú
ó5æäô
 	

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§	Y4Z\^ @Gqlij>xn%^mqsnGi4jsZ\^^mijsr]3}Ajs^Xi	àxqjsZ%^jsq}!^xzBn%xnO ¡n\^!v}Ajlr^³\]_^m}io%qs^! EA}z~o\^Xﬁjl^!n%isxq
@%^!~u\i E :	rjsZ«Or E ∈ H1,q0 (Ω)∗
³1:	Z\rZ-|\~u}Ig_jsZ%^:¥^!gﬁqsx~^rnjlZ\^:|\qlxhxzxﬃY4Z\^mxql^!]§§
O§	Y4Z\^_i^XxnG«ri>jlZ\^x¤%is^!qlI}zjsrxn«jlZ%}AjjsZ%^¤Mxo\nGO^mOn%^mili>x@jsZ\^_|Mxzjl^!nvjsru}z~ |x|−1 ∗ µ xz&jsZ\^
]_^m}iso\ql^
µ
rn
Ω
r]8|%~r^mi4jlZ\^:¤Mxo\n%\^mOn\^Xisi4xjlZ\^:^!]¤G^X\Orn\
H1,20 (Ω) ↪→ L2(Ω, dµ)
§
\§	Y4Z\^	jlZ\rq3rui@jlZ\^o%is^xz7¥hrn\^jlr4àxqs]o\~u}Ajsrxn_xMjlZ\^2]3}isi@¤G}z~u}zn%!^^mtvo%}zjsrxn
=
¤>ﬃjsxx¤Oj}zrn
jsZ\^!xnh^mqs^!n%!^
p(%ε) → p(%) §
`2x: ³ :'^«!}zn ^¨O|\~u}zrnjsZ\^«xqsv}zn\r¢m}zjsrxn x>jlZ\^-|%}z|M^!qX§ eh^mjsrxn%iﬁI å }zql^-O^!xzjs^X jlx jsZ\^
|%qsxhxzxz@Y4Z\^mxql^!]§z§AVån«i^X,jlrxn«^:'^O^mqsr^jlZ\^:^mijsr]3}Ajs^Xi4àxq2n\xnO ¡n\^m}Ajlr^³O]3}Ajlqsr¨h EA}~o\^X
2}Oxn¦]_^m}iso\ql^ E il}Ajlriàghrn\WjsZ\^8^mtvo%}zjsrxn£Or (E − Π) = g ³Mrn :	Z\ruZ£}3jl^!n%isxq @%^m~ Π }zn%£}
^mjsxqs ¡I}~o%^m:ào%n%,jlrxn
g
il}AjsruiàgjsZ%^2}ilio%]8|\jsrxn%ix7Y4Z%^!xql^!] §z§ _ ^2isZ\x: jsZ%}zjBjsZ\^2]8^X}iso\ql^
\^!n%isr¼jkg
θ(x) = lim
r→0
1
r
∫
B(x,r)
dµ =


>
xjlZ\^}\xn]8^X}iso\ql^
µ =
Yq E }zn%ﬁjsZ%^:|Gxjs^!nvjlr}~
x 7→
∫
Ω
|x− y|−1(dµ(y) − n⊗ n : dE(y))
}qs^ﬃ:'^!~~\^	@%n\^X«}zn%-¤Mxo%n%O^m-xn«^!^!qlgx]_|%}j2io\¤Gi^!j2xz
Ω
§R9|%|\~ghrn\3jlZ\^mis^ql^miso\~¼ji	jlx3jsZ\^
]_^X}iso\qs^
dEε = (%ε  ε⊗  ε+p(%ε)   )dx :^'xnG~o%O^BjlZ%}AjjsZ\^4`^;:4jsxn\r}n|Mxzjs^mnvjsru}z~ui |x|−1∗p(%ε)
}qs^o\n\ràxql]8~g-¤Gxo\n%O^X«xn£^!^mqsg-x]_|%}jiso\¤%is^j>x
Ω
§ Vån¦jsZ\^8n\^¨hji^X,jsrxn :^8xnGiruO^!q2jsZ\^
^m]¤M^m\\rn\x%jsZ%^2ehx¤Mx~^!is|%}^'rnvjsxjlZ\^i|G}^'xzGào\n%jsrxn%im³/:	Z\ruZ_}zql^4iltvo%}zql^'rnvjs^mq}z¤\~^ :	rjsZ
ql^mis|M^m,j2jsxﬁisx]_^]_^m}io%qs^
µ
§2Y4Z%^]3}zrn«qs^Xio%~¼j2rui	jlZ%}Aj>jsZ\^^!]¤G^X\Orn\
H1,20 (Ω) ↪→ L2(K, dµ)
³
K b Ω
³\ri	!xnvjsrnho\xoGi!³Or
ω(t) = sup
x∈K
∫
B(x,t)∩K
|x− y|−1dµ(y) <∞.
b¦xql^!xA^mqm³&jsZ\^ ^!]¤G^X\Orn\ ruiﬁx]_|%}jﬁ|\qlxAvruO^X jlZ%}Aj
ω(t) → 0 }i t → 0 § Y4Z\^mis^¦ql^miso\~¼ji
ghr^!~u jsZ%^ ijl}zjs^!]_^mnjxzY4Z\^mxql^!]f§¦àxq
γ > 1
§ Y4Z\^ |\qsxhxxzY4Z\^mxql^!]f§£rn jsZ%^ m}is^
γ = 1
ri¤%}i^X«xn£jsZ\^_xn\n\^X,jsrxn ¤G^!j :^m^!n ]_}zjsZ\^m]3}Ajsru!}~ﬃjsZ\^mxqlgxx]_|\qs^Xisisr¤\~^²%o\ru\i}zn%
]3}zjsZ\^m]_}zjsru!}~B|\qlx¤\~^!]3i}qsruirn\-rn ^!x]_^jsqlru_]8^X}iso\ql^jlZ\^!xqsg§Y4Z%^W¥^mg£x¤Gi^mqsA}Ajlrxn rui:jlZ%}Aj
jlZ\^4js^mn%isxqW@%^m~%i
%ε(

ε⊗  ε +   ) !xnh^mqs^ :'^m}z¥h~g:jsx}]3}zjsqlr¼¨h ¡I}~o%^m]8^X}iso\ql^ E il}Ajlriàghrn%jsZ\^
^Xtvo%}AjlrxnOr
(E−Π) = g :	rjsZ Π ∈ L2(Ω)9 }n% g ∈ L1(Ω)3 §Y4Z\^'qs^Xio\~jliﬃxGi^X,jlrxn8	r]_|\~g:jsZ\^
^!¨Orijs^mn%^'xzGjsZ\^4]_^m}io\ql^4O^!n%isrjkg
θ(x) = lim
r→0
r−1
∫
B(x,r) d
Yq E }zj^X}Z|Gxrnvj x ∈ Ω §QVån8is^mjsrxn
]:'^_rnvjsqlxOOo%!^jlZ\^Y:^X}z¥¦ijl}qO^à^X,j]_^m}io\ql^ S = EbΩsing
³ :	Z\^!ql^
Ωsing = {x : θ(x) > 0} §
eOrn%!^«jsZ%^¦~rn\^X}zq3àxqs]
ϕ 7→ ∫
Ω
∇ϕ : dE !}n ¤G^£qs^m}zqO^X}i_jsZ\^ @%qlijWA}zqlr}zjsrxn xz:} xn\^ 
\r]_^!nGirxn%}~zA}zqlr¼àx~5³jsZ%^Bqs^X,jlr @G}¤\r~rjkg2x
Ωsing
}znG>ql^!|%qs^Xi^mnj}Ajlrxn
= 
>Màx~~x:¦àqlx] jsZ\^B!~}isisru!}z~
ql^miso\~jli'xzﬃjsZ%^>jlZ\^!xqsgﬁxzA}qsràx~u\im³his^!^CD G¡§BY4Z\^qs^m]3}zrn\rn%|%}qj	xjsZ%^:|%}z|M^!q	rui	O^!xzjl^m3jlx_jsZ\^
^!¨Orijs^mn%^:jlZ\^!xqsgàxq>¤Gxo\n%\}qsgv ¡A}z~o\^:|\qlx¤\~^!]
=
Z>,§RVån£is^mjsrxn

:'^isZ\x: jsZ%}zj2jlZ\^ijl}zjs^!]_^mnj
óó â`
ÏÔ	aXÖ
Ł  
&
1 .?) , ;.?&  .
xBY4Z\^!xqs^m]0§ 3Z%x~u\i	jlqso\^o\n%O^mqjlZ\^}isiso\]_|Ojsrxn-jlZ%}AjX³Màxq
γ > 1
³%jlZ\^is^mtvo\^mn%^x&ix~o\jsrxn%i
%ε
jlx-|\qsx¤\~^!]
=
mZ>xnh^!ql^Xi2}~]_xij^!^mqsg[:	Z\^mqs^rn
Ω
§_Yxx¤\jl}zrn jsZ\ruiqs^Xio%~¼j :^3}|\|\~g«jsZ\^
jl^mZ\n%rtvo\^\^!^m~x|G^X-¤hg rxn%i2}n%  ^mrql^!rui^m~^!j}z~
=
k§ D*FHG¡³QDX*G¡³ DmG >§RVån£is^mjsrxn 	^:'^ql^m!}~~
jlZ\^-î}z]_xo%i_qs^Xio%~¼ji_xz>w§ B§ rxn%i3}znG S2§  ^mrql^!rui^m~	^jﬁ}~	xn x]_|%},jln\^mili_|\qlx|M^!qsjsr^mi8xzjsZ\^
)* Bﬀ[ Aﬀ 
}zn%jlZ\^:¤%}isru2î},ji4àqsx]ﬂjsZ%^:jsZ\^mxqlgWxzjsZ\^
HB	  &
 /	B
A!CH$ﬀﬂ 
|\qsx|Gxvi^X
¤hgPS2§  ^mrql^!rui~7rn DI*G¡§
Y4Z%^|M^m!o\~r}qsrjkgWxzxo%q}z|\|\qlx}ZWrui4jsZ\^isgOikjl^!]3}Ajlro%is^xzﬃqs^m|\qs^Xi^mnvjl}Ajlrxn%i'xz :^X}z¥W~r]_rjli
ϕ =
w − lim
ε→0
ϕ(%ε)
³%rn-jsZ\^:àxqs]xzjsZ%^evjsr^!~jîyk^Xirnvjs^!ql}~i
∫
R
ϕ(λ)dλΓ(x, λ)
³Grn :	Z\ruZ¦}_]8xn\xzjlxn\^
\rijsqlr¤%oOjsrxn«ào%n%,jlrxn
Γ(x, ·) \xv^Xin\xjO^m|G^mn%«xn ϕ }zn%-Z%}ijlZ\^~r]8rjli lim
λ→±∞
Γ(x, λ) = 0, 1
§
Vån£jsZ\rui:is^jjlrn%ﬁjlZ\^8ijsqlxn%xnh^!ql^mn%^xz
%ε
rui^mtvo\rI}~^mnvj>jlxﬁjlZ\^^Xtvo%}z~r¼jkg
Γ(1 − Γ) = 0 §ﬃVån
is^mjsrxnWŁ%³ ^!]_]3}Ł\§z³[:'^>isZ\x: jsZ%}zj&jsZ%^>Oruikjlqsr¤\oOjlrxn3ào\n%jsrxnis}zjsrui @%^XiBrn3jsZ%^ijsqlr|
Ω×R jsZ\^
¥hrn\^jlr^Xtvo%}Ajlrxn
∂
∂λ
[
(λα + λ
Or

(x) − f(x))Γ]− Or (  (x)Γ) = αΓ + ∂
∂λ
[λM(Γ) +m], =
	>
rn :	Z\ruZ
m
riWisx]_^«n\xnO ¡n\^!v}Ajsr^'xql^!~	]_^m}io%qs^«}znG
M
rui3n\xn\ E~rn%^m}zq3rnvjs^!qsx ¡\r T^!ql^!nvjsru}z~
x|G^mql}zjsxqO^	@%n%^m-¤hg
=
I>§4Y4Z\^|%qs^!à^!ql^!n%!^:xzjsZ\^]8^!jsZ\xO-x@iso%Z«}3¥hrn\^jlr:^Xtvo%}Ajlrxnrui	jlZ%}Aj
^Xtvo%}Ajlrxn
=
	>2}~~x:ioGijlxﬁj}¥h~^|\qsx¤\~^!]3i!³Trn :	Z\ruZ«jlZ\^8ijsqlxn%ﬁxnv^!ql^mn%^Oxh^Xi2n\xj>j}z¥^
|%~}^

àxqrnGikj}zn%!^³5jlZ\^W|\qlx¤%~^m]_i :	r¼jlZ î}ikjxilr~~u}Ajlrn\«\}zjl}%§`xjs^_jlZ%}AjX³ﬃrn xnjlql}ikjjlx«jsZ\^
jlZ\^!xqsg£xz	xnGi^mqsA}Ajlrxn£~u}H:i
=
k§ D

G >³¥hrn\^jlr8àxqs]o\~u}Ajsrxn xz4|\qlx¤\~^!]
=
?>rnhx~^mi>jsZ\^3n%xnO 
~rn\^m}q	js^mqs]-§	`^m^!qsjsZ%^!~^mili!³:'^isZ\x: jlZ%}Aj^mtvo%}zjsrxn
=
	>	!}n«¤G^qs^mn\xql]3}z~r¢m^m7³:	Z%rZ«~^m}\i4jsx
jlZ\^r\^!nvjsrjkg
Γ(1− Γ) = 0 }n%7³hjlZvoGi!³vjsx8jlZ\^:ikjlqsxn\!xnh^mqs^!n%!^xzisx~oOjlrxn%ijsx8|\qsx¤\~^!] = ![>,§
 
	:-	$	 

 
::+-/$14	'
VånjsZ%riBis^mjsrxn^:^4x¤Ojl}rnjsZ\^	¤G}isr'^mijsr]3}Ajl^miﬃàxqBisx~oOjlrxn%ixzM^mtvo%}Ajlrxn%i
=
;>,§@Y4Z\^4]_xijBirn%r¼ä 
ru!}nvj&xzTjsZ%^!]ﬂ}zql^4jsZ\^>¤Gxo\n%\i&àxqBjsZ\^`^B:4jlxn\ru}zn3|Mxzjl^!nvjsru}z~ |x|−1 ∗p(%ε) xTjsZ\^>|\qs^Xisiso\ql^N:	Z\ruZ
}qs^r^!n¤vgwBqlx|Mxisr¼jlrxn«\§ \§ _ rjsZ-ào\qsjsZ\^mq2}z|%|\~ru!}zjsrxn%i4rn«]_rnG :^O^XOo%!^jsZ\^Xi^:^Xikjlr]3}Ajl^mi
àqlx]^!n%^!q}z~	ikj}Ajl^!]_^!nvj3xn n\xn\ En\^m}zjsr^js^!nGixq(@G^!~u\iY:	rjsZ Or^!ql^mn%^àqlx]
(H
1,3/2
0 (Ω))
∗ §
eOo\|\|Mxis^jlZ%}Aj
3 × 3 ]_}zjsqlr¼¨h ¡A}z~o\^m @%n\rjs^3}Oxn ]_^m}iso\ql^ E = (Ei,j) riigh]_]_^jsqlru}n%£n%xnO 
n%^!}zjsr^ 

Ei,j = Ej,i , 〈Ei,jϕi, ϕj〉 ≥ 0 àxq}z~~ ϕi, ϕj ∈ C0(Ω), 1 ≤ i, j ≤ 3.
Vån |%}zqsjsruo\~u}zqX³
µ =
Yq E ri8}¦n%xnO ¡n\^!v}Ajlr^W}Oxn ]_^m}io\ql^Wrn Ω § eho\|\|Mxis^}~isx«jlZ%}AjjsZ\^mqs^
^!¨Orij4}jl^!n%isxq @%^!~u
Π ∈ L3/2(Ω)9 }n%ﬁ^mjsxqs ¡I}~o%^m_ào\nG,jsrxn g ∈ L1(Ω)3 iso%ZWjlZ%}Aj4àxq'^m^mqsg
^mjsxqs Eào\n%,jlrxn
ϕ ∈ C∞0 (Ω)3
³
∫
Ω
∂jϕi(y)dEi,j =
∫
Ω
∂jϕi(y)Πi,j(y)dy −
∫
Ω
ϕi(y)gi(y)dy . =
XŁ?>
æ
Ú
ó5æäô
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	ﬁﬀﬂ
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F
V¡j	rui'^m}isg8jsx_i^m^2jlZ%}Aj4jlZ\^rnvjs^mq}z~Mr\^!nvjsrjsr^mi
=
mŁ/>'!}nﬁ¤M^>^Xtvo\rA}~^mnjl~gW}isis^!]¤\~^mﬁ}iBjlZ\^:Or M^mq 
^mnvjsru}z~M^mtvo%}AjlrxnﬁOr
(E −Π) = g §@Y4Z\^2]3}zrnﬁql^miso\~jx7jsZ\rui4i^X,jsrxnﬁrijsZ%^2àx~~x:	rn%|\qlx|Mxisr¼jlrxn5§
4  ¯ &¯ ;7î;7 ¯8    
,ﬀ*"/"1HB(
1
NY
	1	 $ B 
Π
 !( 
 
1 ?!R"1H$ 

Π = Π(1) + Π(2) 
  ﬂ[
Π(1) ∈ Lq(Ω)9  q > 3/2  
‖Π(2)‖L3/2(Ω) + sup
0<r≤R
SΠ(2)(x, r, R) ≤ CK = ;F?>
	^ 
x
 M]!#"1/B

K b Ω
 W 

R ≤  $
 (K, ∂Ω)   BT
1	 C? 
( $

 cK
?-"1B &% 1ﬃ 
R  CK  µ(Ω)  ‖Π(1)‖Lq(Ω) 
 ‖g‖L1(Ω)
$ﬀ1 


1
r
∫
B(x,r)
dµ(y) + lim
s→0
∫
s≤|x−y|≤r
1
|x− y| (dµ(y)− n⊗ n : dE(y)) ≤ cK , =
z?>
1
r
∫
B(x,r)
dµ(y) = ζ(x, r) + ψ(x, r)
	
x ∈ K  r ∈ (0, R]. = O*>
 
	
ζ(x, r)
  Cﬀﬂ 	
 ﬂﬂ   	B$  
r
T
1  B!C /B   %ﬀﬂ/ |ψ(x, r)| ≤
Ψ(r) + CK 
W 

Ψ(r) = c‖Π(1)‖Lq(Ω)r2−3/q + sup
x∈Ω
∫
B(x,r)∩Ω
|g|dx→ 0  r → 0.
'(
ﬃ


µ− n⊗ n : E ≥ 0   B(x,R) \ {0} 
Y4Z%^|%qsxhxzﬃxzwBqlx|Mxisr¼jlrxn-\§ri¤%}is^mxnjsZ\^àx~~x:	rn\_~^m]8]3}%§
ª

 
     
/B
^H$ﬀﬂ!#"

 
 " 


 	^?
x ∈ K 
M1(x, r)
r
+
∫
r≤|x−y|≤R
1
|x− y| (dµ(y)− n⊗ n : dE(y)) + ζ0(x, r) =
M1(x,R)
R
− 1
R
∫
B(x,R)


Πdy+ =
/>
1
r
∫
B(x,r)


Πdy + SΠ(x, r, R)−
∫
B(x,R)
kr,R(y − x)dg(y),
óó â`
ÏÔ	aXÖ
X  
&
1 .?) , ;.?&  .
ﬂ1	
kr,R(x) = min{r−1, |x|−1}−R−1 C1+*%Z
 )H  1+  	  &%Y  r ﬀﬂB
 ζ0 
Mi 
 ? $  %(
ζ0(x, r) =
∫
(r,R]
s−1dsM0(x, s) −
∫
(r,R]
s−1M ′0,s(x, s)ds,
M0(x, s) =
∫
B(x,s)
n⊗ n : dE(y), M1(x, s) =
∫
B(x,s)
dµ(y) .
4  ¯5¯ 5 g}z¤\o%is^xzn\xzj}Ajlrxn]:'^ :	qsrjs^:isr]_|\~g
ζ0(r),Mi(r)
àxq
ζ0(x, r)
}n%
Mi(x, r)
³Gql^mis|G^X, 
jlr^!~g§eh^m~^X,j2|Mxisr¼jlr^
s < r
}n%
δ < R − s ioGZ-jsZ%}zj µ(∂B(x, s + δ)) = 0 }zn% M ′j(s) < ∞
³
j = 0, 1
§ ± Z\xhxis^:}z~uix_}3i^Xtvo\^!n%!^xzﬃis]_xhxzjsZào\n%jsrxn%i
hk
il}Ajlriàghrn%jlZ\^xn%Orjsrxn%i
hk(t) = 1
àxq
t ≤ s, hk(t) = 0 àxq t ≥ s+ δ = 0, −2/δ ≤ h′k ≤ 0,
h′k(t) → −1/δ
}i
k →∞ àxq	^m}Z t ∈ (s, s+ δ).
eOo\¤%ijsrjsoOjlrn\-jlZ\^W^m,jlxqs EA}~o\^X«ào\nG,jsrxn
ϕ(y) = hk(|y − x|)(y − x) rnvjlx = mŁ/>:'^WO^!qlr^8jsZ\^
ruO^mnjlr¼jkg
∫
B(x,s+δ)
hk(|y − x|)(dµ(y) − Yq Πdy) +
∫
B(x,s)
hk(|y − x|)(y − x) · g(y)dy+
∫
s<|y−x|<s+δ
h′k(|y − x|)|y − x|n⊗ n : (dE(y)−Π(y)dy) = 0 .
w@}isisrn%jlx_jsZ\^:~r]_rj2}i
k →∞ }n%ﬁn%xzjsrn\8jsZG}Aj
lim
k→∞
h′k(|y − x|)n⊗ n = −δ−1n⊗ n
^m^mqsg[:	Z\^mqs^>rnjsZ%^}zn\nho\~o%i
s < |y − x| < s+ δ :^}qsqlr^>}zj	jsZ\^:^Xtvo%}z~r¼jkg
M1(s)− s
δ
(
M0(s+ δ)−M0(s)
)
=
∫
B(x,s)
(
Yq
Π− (y − x)g(y))dy−
s
δ
∫
B(x,s+δ)\B(x,s)
n⊗ n : Πdy + ∆ ,
:	Z%^!ql^
|∆| ≤ 1
δ
∫
s<|y−x|<s+δ
(|y − x| − s)n⊗ n : dE(y)+
∫
s<|y−x|<s+δ
(dµ(y) + | Yq Π|dy + |y − x||g(y)|dy) → 0 }i δ → 0.
æ
Ú
ó5æäô
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
	ﬁﬀﬂ
ﬃ
 !#"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^jsjsrn\
δ → 0 :'^x¤Oj}zrnﬁjlZ%}Aj	àxq}z~]8xvikj	^m^!qlg s ∈ (0, R] ³
M1(s)− sM ′0(s) =
∫
B(x,s)
Yq
Πdy − s
∫
∂B(x,s)
n⊗ n : ΠdS −
∫
B(x,s)
(y − x) · g(y)dy.
b¦o\~¼jlr|%~ghrn\¤MxzjlZﬁiruO^Xi&¤hg
s−2
}n%_rnjl^!ql}zjsrn\:jsZ%^2ql^miso\~¼j'xA^mq@jsZ\^>rnvjl^!qlI}~
(r, R]
:'^2}qsqlr^}Aj
∫
(r,R]
(M1(s)
s2
− M
′
0(s)
s
)
ds =
1
r
∫
B(x,r)
Yq
Πdy−
1
R
∫
B(x,R)
Yq
Πdy + SΠ(x, r, R)−
∫
B(x,R)
kr,R(y − x)dg(y). = z?>
V¡jrui4^m}igWjsx3i^m^jsZ%}zj
∫
(r,R]
(
s−2M1(s)− s−1M ′0(s)
)
ds =
∫
(r,R]
s−2M1(s)ds−
∫
(r,R]
s−1dM1(s)+
∫
(r,R]
s−1d(M1(s)−M0(s)) + ζ0(x, r) , = AZ>
:	Z%^!ql^
dMi
}qs^3jlZ\^ehjsr^!~jîyk^mi8]_^m}io%qs^Xi:^mn\^!q}Ajl^m ¤hg jsZ\^]8xn\xzjlxn\^Wào\n%,jlrxn%i
Mi
³
i = 0, 1
§
Vånvjl^!q}Ajlrn%¤hgW|%}qji'jsZ\^ehjsr^!~jîyk^mirnvjs^mq}z~TrnjlZ\^:qlrZjs EZG}zn%iruO^xz
=
A?>'r^mi
∫
(r,R]
s−2M1(s)ds−
∫
(r,R]
s−1dM1(s) =
1
r
∫
B(x,r)
dµ(y)− 1
R
∫
B(x,R)
dµ(y). =
/>
{>njsZ%^:xzjsZ%^!q	Z%}n%7³OjlZ\^

o\¤%rn\r  i4jsZ\^mxql^!] ghr^!~u\i'jsZ%^:rO^mnvjsrjkg
∫
(r,R]
s−1d(M1(s)−M0(s)) =
∫
r≤|x−y|≤R
1
|x− y|(dµ(y) − n⊗ n : dE(y)). =


>
±
x]¤\rn\rn\
=
/>¡ 
=


>A:'^:x¤Oj}zrn
=
>4}n%WjlZ\^:~^!]_]3}8àx~~x:im§
2
_ ^>}qs^n%x: rnﬁ}:|Mxisrjsrxn_jsx8x]8|%~^!js^	jlZ\^2|\qlxhxz7xz5w&qsx|Gxvirjsrxnﬁ\§z§Behrn%!^ |SΠ(x, r, R)| ≤∫
B(x,r) |x− y|−1|Π(y)|dy
³OjsZ\^ X ~uO^!q	rn\^XtoG}z~r¼jkgWr]_|\~r^Xi
1
s
∫
B(x,s)
| Yq Π(1)|dy ≤ cs2−3/q‖Π(1)‖Lq(Ω) ,
1
s
∫
B(x,s)
| Yq Π(2)|dy ≤ c‖Π(2)‖L3/2(Ω) ,
|SΠ(1)(x, r, R)| ≤ cR2−3/q‖Π(1)‖Lq(Ω) ,
óó â`
ÏÔ	aXÖ
I  
&
1 .?) , ;.?&  .
:	Z%rZ-}z~xn\C:	rjsZ
=
>'ghr^m~%i
=
z?>§@wBqlxO^m^mOrn\8jsx:4}zq\i&jsZ\^:ql^!|\ql^mis^!nvj}Ajsrxn
=
\;>A:^:is^j
ζ(x, r) = −
∫
r≤|x−y|≤R
1
|x− y| (dµ(y)− n⊗ n : dE(y))− ζ0(x, r)−
M1(R)
R
+
∫
B(x,R)
K(y − x) : Πdy − 1
R
∫
B(x,R)
(y − x) · g(y)dy,
ψ(x, r) =
1
r
∫
B(x,r)
Yq
Πdy −
∫
B(x,r)
K(x− y) : Πdy+
∫
B(x,r)
(
1
r
− 1|x− y|
)
(y − x) · g(y)dy,
:	Z%^!ql^
K(y − x) = |x− y|−1(I− n⊗ n) §V¡jql^!]3}rn%ijlx3n\xzjl^>jlZ%}Aj2isrn%^ |K(x)| ≤ c|x|−1 ³
|ψ(x, r)| ≤ c
∫
B(x,r)
|Π(1)|dy
|y − x| +
∣∣∣
∫
B(x,r)
K(x− y)Π(2)dy
∣∣∣ + 1
r
∫
B(x,r)
| Yq Π(2)|dy+
∫
B(x,r)
|g|(y)dy ≤ c‖Π(1)‖Lq(Ω)r2−3/q + sup
x∈K
∫
B(x,r)
|g|(y)dy + CK = Ψ(r) + CK ,
}n%ﬁjsZ\^:|\qlx|Mxisrjsrxnàx~~x:im§
_ ^}|\|\~g>wBqlx|MxisrjsrxnO§@jsx2x¤Oj}zrn:^mijsr]_}zjs^XiTàxqjsZ\^'ix~oOjlrxn%iTjlx^mtvo%}zjsrxn%i
=
*>,§ V¡jﬃri^m}ig
jlx2is^!^BjlZ%}AjX³Io\n%O^mqjlZ\^}isiso\]_|OjsrxnGi5xz\Y4Z\^mxql^!] §z³XjsZ\^']_^m}io\ql^mi
dEε = (%ε  ε⊗  ε+p(%ε)I)dy
}n%
dµε = (%ε|  ε|2 + 3p(%ε))dy ]_^!^!j}~~qs^Xto%rql^!]_^!nvji	xz@wBqlx|Mxisr¼jlrxn£O§ :	Z\ruZ«r]8|%~r^mi2jsZ\^
àx~~x:	rn\ql^miso\~jm§
4

¯ &¯
;7î;7
¯8
   
/B 
 $ﬀﬂ!#"
1U 

1 B! 

 	  
R > 0

1	  ? $
 
$
-1

c 
ﬂ[ ?;	ﬃ
 ?-"1	]
ε 
ﬀ1 


1
r
∫
B(x,r)
dµε + lim
s→0
∫
s≤|x−y|≤R
%ε|  tε|2 + 2p(%ε)
|x− y| dy ≤ c, =

	>
1
r
∫
B(x,r)
dµε =
∫
B(x,r)
%ε|  tε|2 + 2p(%ε)
|y − x| dy + ψε(x, r), =
zŁ?>
	 
r ∈ (0, R]  ﬂB   t =  − (  · n)n    	!Y /Bﬃ ﬃ%ﬀﬂ/ |ψε| ≤ Ψ(r) + cξε(R) 
ﬂ1	
ξε(R)
/ $  %(
=
F?>

Ψ(r) ≤ cr2−3/q + sup
x∈Ω
sup
ε>0
∫
B(x,r)∩Ω
|gε|dy → 0

r → 0. = FZ>
æ
Ú
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4  ¯5¯ 5 Vån\^mtvo%}~rjkg
=
 	>@x¤vhrxo%is~g:àx~~x:i@àqsx]jlZ\^2}iliso\]_|Ojsrxn%i&xz5Y4Z\^mxql^!] §}n%_wBqlx|Mxisr¼ 
jlrxn\§§  r¨}zn}zql¤\rjsq}zqlg
s < r < R
³
R =
\rij
(x, ∂Ω)
§&eho\¤Gikjlr¼jloOjsrn\ Eε ³ µε ³ Πε ³\}n% gε rnvjsx
jlZ\^:ruO^!nvjsrjkg
=
/>,³\n\xjsrn\_jsZG}Aj
ζ0 = 0
àxq
ε > 0
³Oql^!|\~u}!rn%
r
¤vg
s
}znG
R
¤hg
r
rnjsZ\^:ql^miso\~jsrn\
^Xtvo%}Ajlrxn]:'^x¤Oj}zrn
1
r
∫
B(x,r)
dµε =
1
s
∫
B(x,s)
dµε +
∫
s≤|x−y|≤r
1
|x− y|
(
%ε|  tε|2 + 2p(%ε)
)
dy+
A1(x, s, r) +A2(x, s, r) + a(x, s, r), =
?>
:	Z%^!ql^
Ai(x, s, r) =
1
r
∫
B(x,r)
Yq
Π(i)dy −−1
s
∫
B(x,s)
Yq
Π(i)ε dy −SΠ(i)ε (x, s, r),
a(x, s, r) =
∫
B(x,r)
ks,rgεdy
V¡j	àx~~x:iàqsx]
=
	/>,³
=
FZ>³\}n%
=
m?>jsZ%}zj
|A1(x, s, r) + a(x, s, r)| ≤ Ψ(r), |A2(x, s, r)| ≤ ξε(R).
^jsjsrn\
s→ 0 rn = ?>4}zn%n\xzjlrn%jlZ%}AjX³\¤hgﬁZhgh|GxjsZ\^Xirui4xzY4Z\^!xqs^m]§z³
lim
s→0
s−1
∫
B(x,s)
dµε = 0
àxq
x ∈ Ω
:'^x¤Oj}zrnruO^mnjlr¼jkg
=
Ł/>4}znGﬁjlZ\^:|\qlx|Mxisr¼jlrxnWàx~~x:i!§
2
  
 /+ 	$$ *

	ﬃ 
Y4Z%^ x¤Oyk^mjsr^ xzjlZ\rui«i^X,jsrxnGiruijsx rnh^mijsr}zjs^£jsZ\^ rn\^mtvo%}~rjsr^mijlZ%}Aj¦}z~~x: jsZ\^ :'^!rZvjs^X
L2(Ω, %dx)
n\xqs] xz@}ào%n%,jlrxn¤M^:^mijsr]3}Ajl^m¤hg3jsZ\^
L2
n\xqs] xﬃrjli4|G}zqsjsru}z~5O^mqsrA}Ajsr^Xi!§
^j
Ω ⊂ R3 ¤M^}3¤Mxo\nGO^m«Ox]3}zrn¦}zn% µ ¤M^}C@Gn\r¼jl^n\xnO ¡n\^!v}Ajsr^:}Oxn«]_^X}iso\qs^:rn Ω §
_ rjsZ%xoOj~xilixz'^!n%^!q}z~r¼jkg :'^3!}zn }iliso\]_^jlZ%}Aj:jlZ\^_]_^m}iso\ql^
µ
rui:^¨hjs^mn%O^X£¤hg
0
xo\jlisrO^_x
Ω
§ 2^mn\xzjl^¤hg
µK
}ﬁx]_|%}js~giso\|\|Mxqsjs^X7³1@Gn\r¼jl^82}Oxn«]8^X}iso\ql^rn
R
3 iso%Z-jsZG}Aj µK(E) =
µ(E ∩K) àxq	^!^!qlg 'xql^!~5is^j E §
§\b¦}z¢  y}^mijl}¤\~ruisZ\^m7³Ok§ND \z³\*G¡³hjsZ%}zj4jsZ\^^!]¤G^X\Orn\
H1,2(Ω) ↪→ L2(Ω, dµ) rui4xnvjlrnhoO 
xo%i'r¼}zn%ﬁxn\~g3r
µ(E) ≤ c m}z| (E) àxq4}~~ 'xql^!~7is^ji E ⊂ Ω §B{>njsZ%^xjsZ\^mq4Z%}zn%5³  §9	\}]_i
³h,k§ Dz³vGE³v|\qlxA^XjlZ%}AjBjlZ\^^m]¤M^m\Orn\rui&!xnvjsrnho\xoGi@r¼ ‖(−∆)1/2µK‖2L2(R3) ≤ cµ(K)
àxq^m}Z
!x]_|%},j
K ⊂ R3 §B`xzjl^jsZ%}zj	àxql]3}z~~gY:'^Z%}I^
‖(−∆)1/2µK‖2L2(R3) = −
∫
R3
(∆−1µK)dµK ≤ sup
R3
|∆−1µK |µ(K).
óó â`
ÏÔ	aXÖ
m  
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1 .?) , ;.?&  .
X2^!n%!^xn%^2!}n3^¨O|G^X,jjsZ%}zj&jsZ%^2¤Mxo\n%\^mOn\^Xisi&xzTjsZ%^2|Mxzjs^mnvjsru}z~ −∆−1µ |\qlxAhrO^XijsZ%^>xnvjsrnvo%r¼jkg
xOjsZ\^^!]¤G^X\Orn\%§QVånjsZ%riﬃi^X,jlrxnﬃ:^'O^!^!~x|jsZ%^mis^}zqlo%]8^mnvjli}n%|\ql^mis^!nvjﬃ}2ir]_|\~^'xn%Orjsrxn5³
iso Wr^!nvj5jlxoG}zq}znvjs^m^³jlZ%}AjjsZ\^&^!]¤M^m%Orn%
H1,2(Ω) ↪→ L2(Ω, dµ) ruixnvjsrnvo%xo%i5}n%:x]_|%}jm§
 
ªh¯  ª 
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K b Ω

t ∈ (0,  $
 (K, ∂Ω)) 
ω(t) = sup
x∈K
∫
B(x,t)∩K
|x− y|−1dµ(y) <∞.
 1	U
1	 ^/ $
ﬃ]$


c0
/"B  % ﬀ 
Ω
ﬀ1 

	( 
v ∈ H1,20 (Ω) ∫
K
|v(y)|2dµ(y) ≤ c0
(
ω(t)‖v‖2H1,2(Ω) + ‖v‖2L1(Ω)(1 + t−3)2
)
. =
\*>
Y4Z%^|%qsxhxzqs^m~r^mi_xn jsZ\^-àx~~x:	rn% ~^!]_]3}im§ Vånvjsqlxh\o%^jsZ%^¦toG}Oq}Ajlrﬁàxql] L : H1,20 7→ R
\^	@%n\^X¤vg L(v) = ω(t)‖∇v‖2L2(Ω) + (1 + t−3)2‖v‖2L1(Ω)
}znGis^j
±
}z|
L(E) := inf{L(v) : v ∈ C∞0 (Ω)
}zn%
v(x) ≥ 1 àxq}z~~ x ∈ E}.
ª
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c1
/"1	  % 1ﬃ

Ω
$ﬀ1 
1

µK(E) ≤ c1
 "
L(E)
	( ! 	 	B

E ⊂ Ω 
4

¯5¯
5
	^mm}z~~TjsZ%}zj	àxq}znhg
v ∈ H1,20 (Ω)
³
v(x) =
1
4pi
∫
Ω
x− y
|x− y|3 · ∇v(y)dy
rn
Ω
}znG
v(x) = 0
xoOjlisr\^x
Ω.
±
Z%xvxvi^-} O^m!qs^X}isrn\£ào\n%jsrxn
η ∈ C∞(R) iso%Z jlZ%}Aj η(s) = 0 àxq s < t/8 ³ η(s) = 1 àxq
s > t/4
³\}zn%
η′(s) < 16/t
§@`x: qs^;:	qsrjs^>jsZ%^:~}ikjruO^!nvjlr¼jkgWrnjsZ\^àxqs]
v(x) =
1
4pi
∫
Ω
(
1− η(|x− y|)
) x− y
|x− y|3 · ∇v(y)dy +
1
4pi
∫
Ω
η(|x − y|) x− y|x− y|3 · ∇v(y)dy
≡ I1(x) + I2(x). = />
V¡jrui4^m}igWjsx3i^m^jsZ%}zj
∫
E
|I1(x)|dµK (x) ≤ c
∫
E∩K
g1 ∗ |∇v|(x)dµ(x) =
c
∫
Ω
|∇v|(x)
{ ∫
K∩E
g1(y − x)dµ(y)
}
dx ≤
c‖∇v‖L2(Ω)
{∫
Ω
{ ∫
K∩E
g1(y − x)dµ(y)
}2
dx
}1/2
,
æ
Ú
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I
:	Z%^!ql^
g1(x) = |x|−2 àxq |x| ≤ t/4 }n% g1(x) = 0 xjsZ\^mq :	rui^§ehrnG^:jlZ\^:ào\n%jsrxn g1 ∗ g1(x) ≤
c|x|−1 I}n\ruiZ\^Xi'àxq |x| ≥ t ³:'^ZG}I^
{ ∫
K∩E
g1(y − x)dµ(y)
}2
=
∫
K∩E
{ ∫
K∩E
g1 ∗ g1(y − x)dµ(y)
}
dµ(x) ≤
c
∫
K∩E
{ ∫
{|x−y|≤t}∩K
|x− y|−1dµ(y)
}
dµ(x) ≤ cω(t)µ(E ∩K),
:	Z%rZghr^m~\i	jsZ\^:rn\^mtvo%}~rjkg
∫
E
|I1(x)|dµK(x) ≤ c‖∇v‖L2(Ω)
√
ω(t)
√
µK(E). =
?>
{>nWjsZ\^xzjlZ\^!q'Z%}znG7³Oirn%^2jsZ\^>ào\n%jsrxn
η(|y|)|y|−3y rui'is]_xhxzjsZ}zn%WjsZ\^>n\xql] xzrjli'q}\r^mnjri
¤Mxo%n%O^m¤hg
c(1 + t−3)
³:^Z%}I^ |I2| ≤ c(1 + t−3)‖v‖L1(Ω)
§BY4Zho%i!³ﬂ:'^^!j
∫
E
|I2(x)|dµK(x) ≤ c(1 + t−3)‖v‖L1(Ω)µK(E) ≤ c(1 + t−3)‖v‖L1(Ω)
√
µK(E). =
Z>
±
x]¤\rn\rn\
=
/>2}zn%
=
z?>R:^xnG~o%O^:jlZ%}Aj>àxq2^m^mqsg xqs^m~is^j
E ⊂ Ω }zn%-àxq>}~~ào\n%,jlrxn%i
v ∈ H1,20 (Ω)
³ ∫
E
|v|dµK ≤ c
√
L(v)µK (E). = v/>
V¡
v ≥ 1 xn} 'xql^!~5is^j E ³OjlZ\^!n :'^Z%}I^
µK(E) ≤
∫
E
|v|dµK(x) ≤ c
√
L(v)
√
µK(E),
}n%ﬁjsZ\^:~^!]_]3}8àx~~x:im§
2
Y4Z\^:n%^¨hj~^m]_]_}8rui}8^mqlisrxnﬁxﬃ}^:^m~~ ¡¥vn%x:	nb¦}¢ y}8qs^Xio\~jm³\is^!^CDÅ*G¡§
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c 
ﬂ[ /"1	H 1ﬀ 
Ω
 ?;	  

?-"1B 
t 
$ﬀ1 

A
 0	ﬀ1ﬁ 
 
∞∫
0
±
}|
L(Nt)dt
2 ≤ cω(t)‖∇v‖2L2(Ω)dx+ c(1 + t−3)2(1 + ‖v‖L1(Ω)‖v‖2L2(Ω)) =


>
1  	B)HB##ﬀﬂ 	

v ∈ C∞0 (Ω)

 
B 
Nt = {x ∈ Ω : |v(x)| ≥ t} 
4

¯5¯
5
Y4Z\^8|\qlxhxz&r]_r¼j}Ajs^Xi>jsZ\^3b¦}¢ y}ﬁ|\qlxhxzk§ﬃ_ ^3ikj}zqsj :	rjsZ jsZ\^_x¤Gi^mqsA}Ajlrxn«jsZG}Aj:irn%^
±
}|
L(Nt)
O^m!qs^X}is^mirn
t
³
∞∫
0
±
}z|
L(Nt)dt
2 ≤ 3
j=∞∑
j=−∞
22j
±
}z|
L(N2j ). =
 	>
óó â`
ÏÔ	aXÖ

 
&
1 .?) , ;.?&  .
`2x: Z\xhxis^2}n%xnO åO^m!qs^X}isrn%ào\n%,jlrxn
η ∈ C∞(R) iso%Z3jlZ%}Aj η(s) = 0 àxq s ≤ 0 ³ η(s) = 1 àxq
s ≥ 1 }zn% η′(s) ≤ 2 àxqﬃ}~~ s §@eh^j vj = η(21−j |v(x)|−1) §ﬃ`2xzjl^&jlZ%}Aj vj = 0 :	Z\^!n |v(x)| < 2j−1
}n%
vj(x) = 1
:	Z\^!n |v(x)| ≥ 2j §Ba>irn\ vj }i	}js^mij	ào\n%jsrxn :'^^j4jsZ%^:rn\^Xtvo%}z~r¼jkg
± }|
L(N2j ) ≤ ω(t)
∫
N2j−1\N2j
|∇vj |2dx+ c(1 + t−3)2
( ∫
N2j−1
|vj |dx
)2
. =
Ł?>
{>¤hhrxo%is~g |∇vj | ≤ 22−j |∇v| §£b¦xql^!xA^mqm³r¼ j ≥ 0 }n% x ∈ N2j−1
³ﬃjsZ\^mnM:'^WZ%}I^ |vj(x)| ≤
21−j |v(x)| § V¡j4àx~~x:i'àqlx]ﬂjlZ\rui}zn% = Ł?>jlZ%}Aj
± }z|
L(N2j ) ≤ 24−2jω(t)
∫
N2j−1\N2j
|∇v|2dx+ c(1 + t−3)2 àxq j ≤ 0 ,
±
}|
L(N2j ) ≤ 24−2jcω(t)
∫
N
2j−1
\N
2j
|∇v|2 + 22−2jc(1 + t−3)2
( ∫
N2j−1
|v|dx
)2
àxq
j ≥ 0 .
eOo\¤%ijsrjsoOjlrn\_jlZ\^mis^:rn\^mtvo%}~rjsr^mi4rnvjsx
=
 	>A:'^x¤Ojl}rn
∞∫
0
±
}z|
L(Nt)dt
2 ≤ cω(t)
∫
Ω
|∇v|2dx+ c(1 + t−3)2
∑
j≥0
( ∫
N2j−1
|v|dx
)2
. =
/F?>
{>¤hhrxo%is~gY:'^Z%}I^
( ∫
N2j−1
|v|dx
)2
≤ ]_^m}i (N2j−1 )
∫
Ω
|v|2dx, }n% ]_^m}i (N2j−1 ) ≤ 21−j
∫
Ω
|v|dx,
:	Z%rZr]_|\~r^mi
( ∫
N2j−1
|v|dx
)2
≤ 21−j‖v‖2L2(Ω)‖v‖L1(Ω).
±
x]¤\rn\rn\8jsZ\rui	rn\^mtvo%}~rjkgP:	rjsZ
=
?F/>'r^Xi
=


>'}zn%jsZ%^:~^m]8]3}àx~~x:i!§
2
_ ^«}zql^ﬁn\x:ﬂrn }£|Gxvirjsrxn jsx x]8|%~^!js^jsZ\^|\qlxvx2xzY4Z\^!xqs^m]/%§§MV¡j_iso W^Xijsx |\qsxA^
rn\^XtoG}z~r¼jkg
=
\;>2àxq>ào%n%,jlrxn%i
v ∈ C∞0 (Ω)
n%xql]_}~r¢!^X«¤hg-jsZ\^3!xn%Orjsrxn ‖v‖L2(Ω) = 1
§ehrn%^
¤hg ^!]_]3}_\§Åh³
µK(E) ≤ c ± }z| L(E)
àxq	^!^mqsgx]_|%},j
K b Ω
³:'^Z%}I^
∫
K
|v|2dµ(x) ≡
∞∫
0
µK(Nt)dt
2 ≤ c
∞∫
0
±
}z|
L(Nt)dt
2.
Sikjlr]3}Ajlrn%3jsZ\^qsrZvj2isrO^xzﬃjsZ\ruirn\^mtvo%}~rjkg³G¤hg}zn¦}|\|\~rm}Ajlrxnx
=


>'àqlx] 5^!]_]3}3\§ 3}znG
n%xzjsrn\ﬁjsZ%}zj ‖v‖L2(Ω) = 1
³ ‖v‖L1(Ω) ≤
√
]_^m}i
(Ω) ≤ c :'^x¤Ojl}rn = %;>³ :	Z\ruZ !x]_|\~^jl^mi>jsZ\^
|%qsxhxzk§
æ
Ú
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γ > 1
_ ^ijl}zqsjN:	r¼jlZjsZ\^:x¤%i^mqsA}zjsrxnWjlZ%}AjX³\¤hgWwBqlx|Mxisr¼jlrxn-\§ \³Oàxq}nvgW!x]_|%},j
Ω′ b Ω
³
sup
x∈Ω′
∫
Ω
|x− y|−1pε(y)dy ≤ C(Ω′).

 qsx]jsZ%rim³rn3hr^;:xGjlZ\^	r\^!nvjsrjkg
pε = %
γ
ε
³}n%8¤hg}zn3}|\|\~rm}Ajsrxn8xz7Y4Z\^mxql^!]%§N:'^4x¤Oj}zrn
jlZ\^:^mijsr]3}Ajl^
‖%γε |

ε|2‖L1(Ω′) ≤ c(Ω′)
:	Z%rZ-}z~xn\C:	rjsZjsZ%^:^!n\^mqsg3^mijsr]_}zjs^
=
v}?>4}n%WjlZ\^:^!]¤G^X\Orn\
H1,20 (Ω) ↪→ L6(Ω)
r^mi
∫
Ω′
(%ε|  ε|2)1+κdx ≤
(∫
Ω′
%γε |

ε|2dx
)(1+κ)/γ(∫
Ω′
|  ε|6dx
)(γ−κ−1)/γ
≤ C(Ω′).
X2^!ql^
κ = 2(γ − 1)/(2 + γ) §4{>njlZ\^:xzjlZ\^!q	ZG}zn%7³%^mtvo%}Ajlrxn = *>'x¤hhrxo%i~gWghr^!~u\i!³hàxq r < 3/2 ³
jlZ\^:^mijsr]3}Ajl^
‖%γε‖Lr(Ω′) ≤ c(Ω′)‖%ε|

ε|2‖Lr(Ω′) + ‖Π‖Lr(Ω′) + ‖g‖L1(Ω′) + ‖%γε‖L1(Ω′) .


qsx] jsZ\ruim³
=
v}/>,³}n%£jsZ\^3}iliso\]_|Ojsrxn%ixBjsZ\^8jlZ\^!xqs^m] :^3xn%~o%O^jsZG}Aj ‖%γε‖L1+κ(Ω′) ≤ c
:	rjsZ
c
rn%O^m|G^mn%O^mnj:x
ε
àxq^m}Z
κ < min{3/2, 2(γ − 1)/(2 + γ)} §V¡jql^!]3}rn%i2jsxn\xjs^8jsZ%}zj
isrn%^
%ε → % :'^m}¥v~g-rn Lγ(Ω) ³  ε →  }\§ ^§:rn Ω ³5}zn%¦jsZ\^3is^mtvo\^mn%^ %ε|  n|2 rui>¤Mxo%n%O^m rn
L1+κ(Ω′)
³OjsZ\^is^mtvo\^mn%^
%ε

ε ⊗  ε !xnh^mqs^mi@jlx %  ⊗  :'^m}¥v~g3rn L1+κ(Ω′)9 §


ﬃ3


	: 
2

2
A:
γ = 1
Y4Z%^|\qlxhxz%xMY4Z\^mxql^!]ﬂ§àxq
γ = 1
rui]8xqs^'O^!~ru!}Ajl^§ _ ^	is|\~r¼jjsZ%^'|%qsxhxzGrnvjsx>j :'xijs^m|%i!§

rqijm³
:'^O^	@%n%^>jlZ\^xn%^mnvjsq}Ajsrxni^!j	}n%iZ\x: jsZ%}zj4^mr¼jlZ\^!q	rj	ri4^m]_|OjkgWxq4rjliNX>}zo%ilOxq ¦Or]8^mn%isrxn
rui4^mtvo%}~Tjsx«§

¯8

ª[8
!AO;7
¯8

ª

5^!jo%i:xn%isrO^mqjsZ\^Wis^mtvo\^mn%^Xi
(%ε,

ε)
}n%
Πε, gε
il}Ajsruiàgvrn\jsZ%^WZhg 
|MxzjlZ\^misrui4xzﬃY4Z%^!xql^!]d§z§B	^mm}z~~TjsZ%}zj
%ε → % :'^m}¥v~g3rn L1(Ω) ³G}n% %ε  ε,i  ε,j }zql^o\n\ràxql]8~g
¤Mxo%n%O^mrn
L1(Ω)
§ 9äjs^mq2|%}isisrn%jlx3}3io\¤Gi^Xto%^!n%!^ﬃ:^:!}n«}ilio\]_^jsZG}AjjlZ\^!ql^^¨Orijli2}
3× 3
]3}zjsqlr¼¨h ¡I}~o%^m£2}Oxn ]_^X}iso\qs^ E io%Z jsZG}Aj %ε  ε ⊗  ε + %εI → E ijl}qﬃ:^X}z¥h~g¦rn jlZ\^Wi|G}^
x'}Oxn ]_^m}iso\ql^mixn
Ω
§3{>¤hhrxo%is~g-jlZ\^_]_^m}iso\ql^ E }zn% rjlijsq}!^ µ ]_^!^j}~~ql^mtvo\rqs^m]_^!nvjli
x:wBqsx|Gxvirjsrxn \§ :	rjsZ
Π(1) = Π ∈ Lq(Ω) ³ Π(2) = 0 ³ g = % < ³}zn% CK  %§ V¡jWàx~~x:i
àqlx] w&qsx|Gxvirjsrxn O§ﬁjlZ%}Aj
r−1µ(B(x, r)) = ζ(x, r) + ψ(x, r)
³ :	Z\^!ql^
ζ(x, r)
rn%ql^m}i^Xirn
r
}n% |ψ(x, r)| ≤ Ψ(r) → 0 }i r → 0 § X^mn%^_jlZ\^ 'xql^!~ào\nG,jsrxn θ(x) := lim
r→0
r−1µ(B(x, r))
rui :^m~~ ¡\^	@%n\^X«}zn%¦¤Gxo\n%O^X¦xn«^m^mqsg-x]8|G},jio%¤%i^!j>x
Ω
§eh|\~rj
Ω
rnjlx3j :'xOruiàykxrnvj|%}zqsjli
Ωreg
}n%
Ωsing
r^!nﬁ¤hg
Ωreg = {x : x ∈ Ω, θ(x) = 0}, Ωsing = {x : x ∈ Ω, θ(x) > 0}. = Z>
óó â`
ÏÔ	aXÖ
XŁ  
&
1 .?) , ;.?&  .
Y4Z\^'àx~~x:	rn%2jlZ\^!xqs^m] iZ\x:ijlZ%}Aj
Ωsing
rui@}xnG^!nvjlql}zjsrxnis^jàxqﬃjlZ\^	i^Xto%^!n%!^
%ε

ε⊗  ε §
 
ªh¯  ª 
   
/B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ϕ ∈ C0(Ω)9
 ")H
∫
Ω
ϕ : dE := lim
ε→0
∫
Ω
%ε(

ε ⊗  ε + I) : ϕdy = = %*>
∫
Ωreg
%(
 ⊗  + I) : ϕdy +
∫
Ωsing
ϕ : dE .
_ ^ OrvruO^ jlZ\^ |\qsxhxrnjlx } is^mtvo\^mn%^ x~^!]_]3}im§ Vån jsZ%^ i^Xto%^!~jsZ%^ n\xzj}Ajsrxn
Kδ =
{x| Oruikj (x,K) ≤ δ} ikj}zn%%i'àxq4jsZ%^x]_|%},j δ  Ehrurn\rjkgWxz@}_x]_|%},j K b Ω §
ª
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K ⊂ Ωreg 

BC	^ 
η > 0

B C ? $
Q"$ 
 )
δ(η)

c(η)
$ﬀ1 

 
 0	ﬀ1ﬁ 
 
∫
Kδ
%ε|v|2 ≤ η‖v‖2H1,2(Ω) + c(η)‖v‖2L2(Ω) =
v/>
1 	 
v ∈ H1,2(Ω) R	ﬃ  δ ≤ δ(η)   	  
11$
-1
 δ(η)  c(η) /"B] K 
η
 ?Y 
 /"B 
ε

v

4

¯5¯
5 
rqikjN:'^isZ\x: jsZ%}zj	jsZ\^mqs^^¨Oruikj|Mxisrjsr^
δ(η)
}zn%
t(η)
iso%ZjsZ%}zj
sup
x∈Kδ(η)
sup
ε
∫
|y−x|<t(η)
|y − x|−1%ε(y)dy ≤ η. = Z>
V¡ﬃjsZ%^}ili^mqjlrxnﬁrui'î}z~ui^³hjsZ\^mn-jsZ\^mqs^:}zql^
k > 0
}zn%-is^mtvo\^!nG^mi
xε ∈ Ω ³ tε > 0 ³\iso%ZﬁjlZ%}Aj
lim
ε→0
Oruikj
(xε,K) = lim
ε→0
tε = 0
}zn%
∫
|y−x|<tε
|x− y|−1%ε(y)dy ≥ k.
eO^j
dµε(x) = %ε(|  ε|2 + 3)dx ³ R = 2−1 Oruij (K, ∂Ω) ³%}zn%ql^m!}~~TjlZ%}AjX³\¤hgWwBqlx|Mxisr¼jlrxn«O§ O³∫
B(x,tε)
|y − x|−1%ε(y)dy ≤ 1
tε
∫
B(xε,tε)
dµε(y)− ψε(xε, tε), :	Z\^!ql^ |ψε(x, t)| ≤ Ψ(t) + ξε(R).
eOrn%!^³¤vg
=
FZ>}zn%
=
/F/>,³
Ψ(tε) + ξε(R) → 0 àxq ε ↘ 0 ³7jlZ\^3rn\^mtvo%}~rjkg µε(B(xε, tε) > tεk/2
Z%x~u\iàxq3}z~~4iso Wr^!nvjl~g is]3}z~~
ε
§ 9äjs^!q_|%}isisrn\¦jlx } io\¤Gi^Xto%^!n%!^]:'^m}zn }isiso\]_^jsZ%}zj
xε
!xnh^mqs^jlx_isx]_^
x ∈ K }i ε→ 0 ³\}zn%Z\^mn%^
1
2tε
∫
B(x,2tε)
dµε(y) > k/4 > 0
àxq}z~~5io W!r^mnjl~gi]3}~~
ε. =
[>
æ
Ú
ó5æäô
 	

	ﬁﬀﬂ
ﬃ
 !#"$$%	&'()*	$+-,
-*./	0	ﬀ1

*F
{>n jlZ\^£xjsZ\^mqﬁZ%}n%7³w&qsx|Gxvirjsrxn \§  r]_|\~r^miﬁjsZ%^£ql^!|\ql^mis^!nvjl}zjsrxn
µε(B(x, t)) = tζε(x, t) +
tψε(x, t),
rnT:	Z\ruZ£jlZ\^8ào\n%jsrxn
ζε
rin\xnO ¡\^mql^m}irn\rn
t
§  qsx] jsZ\rui:}zn%
=
?> :^_xn%~o%O^
jlZ%}Aj	àxq}z~~
t > 2tε
³
k
4
<
1
2tε
∫
B(x,2tε)
dµε(y) ≤ 1
t
∫
B(x,t)
dµε(y) + Ψ(t) + Ψ(2t) + 2ξε(R).
`2xzjl^jlZ%}Aj
µε(B(x, t)) → µ(B(x, t)) àxq}~]_xij:^!^!qlg«|Gxvirjsr^ t § 5^!jjlrn\ ε → 0 rn jlZ\^3~}ikj
rn\^XtoG}z~r¼jkg}n%n%xzjsrn\jsZG}Aj
ξε → 0 ¤vgwBqsx|Gxvirjsrxn_O§ O³:'^	xn%~o%O^'jsZG}Aj k ≤ 4t−1µ(B(x, t))+
4Ψ(t) + 4Ψ(2t)
àxq2}~]_xij^!^!qlgﬁ|Mxisr¼jlr^
t
§	Y4Z\^!ql^àxqs^³
θ(x) ≥ k/4 :	Z%rZ«xnvjsq}Oru,ji4jsx3jlZ\^
rn%!~o%isrxn
x ∈ Ωreg ³h}zn%jlZ\^>}isis^!qsjsrxnàx~~x:im§`x: rn\^Xtvo%}z~r¼jkg = v?>r]_|\~r^Xi@jsZG}AjBjlZ\^]_^m}io\ql^mi
dµε = %εdx
is}zjsruikàgjsZ%^Zhgv|MxzjlZ\^misruixzBY4Z\^mxql^!] \§ :	rjsZ
K = Kδ(η)
³
t = t(η)
³M}n%
ω(t) = η
§
92|\|\~ghrn\8jlZ\ri	jsZ\^mxql^!] :'^:x¤Oj}zrn
=
v>A:	Z%rZ-x]8|%~^!js^mi	jsZ\^:|\qlxhxzk§
2
ª
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K b Ω  ϕ ∈ C(Ω)   f, g ∈ H1,20 (Ω) 
lim
ε→0
∫
K
ϕ(%ε − %)fgdx = 0.
4

¯5¯
5 
r¨
δ > 0
}znGZ\xhxvi^
f¯ , g¯ ∈ C∞0 (Ω)
io%ZjsZG}Aj
‖f − f¯‖H1,2(Ω) + ‖g − g¯‖H1,2(Ω) < δ.
eOrn%!^'jsZ\^`2^B:4jsxn\ru}zn_|Gxjs^mnjlr}~ix
%
}n%
%ε
}zql^'o\n\ràxql]8~g¤Mxo\nGO^m8xn
K
³Y4Z\^!xqs^m] \§4gvr^!~u\i
jlZ\^:rn\^mtvo%}~rjkg
∫
K
(%ε + %)|u||v|dx ≤ c‖v‖H1,2(Ω)‖u‖H1,2(Ω)
àxq}z~~
u, v ∈ H1,20 (Ω).


qsx] jsZ\ruiN:'^:xnG~o%O^jsZG}Aj
lim sup
ε→0
∣∣∣
∫
K
ϕ(%ε − %)fgdx
∣∣∣ ≤ lim sup
ε→0
∣∣∣
∫
K
ϕ(%ε − %)f¯ g¯dx
∣∣∣+
c(ϕ) lim sup
ε→0
∫
K
(%ε + %)(|g||f − f¯ |+ |f¯ ||g − g¯|)dx ≤
cδ(‖f‖H1,2(Ω) + ‖g‖H1,2(Ω)) → 0
}i
δ → 0 ,
:	Z%rZ|\qlxA^mijlZ\^:~^m]_]_}%§
2
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  

 	!

#	 
η > 0 
P!#"?	

K b Ω 

ϕ ∈ C(Ω)  
B ? $
 δ(η) > 0 ﬀ1 


lim sup
ε→0
∣∣∣
∫
Kδ
ϕ%ε(|  ε|2 − |  |2)dx
∣∣∣ ≤ η 	(  δ ≤ δ(η). = v?>
óó â`
ÏÔ	aXÖ
  
&
1 .?) , ;.?&  .
4  ¯5¯ 5 `xzjl^jsZ%}zj	àxq	^!^!qlg
∆ ≥ 0 ³
∣∣∣
∫
K∆
ϕ%ε(|  ε|2 − |  |2)dx
∣∣∣ ≤ c(ϕ)( 1√
η
∫
K∆
%ε|  ε −  |2dx+√η
∫
K∆
%ε|  ε +  |2dx
)
≤
c
√
η + c
1√
η
∫
K∆
%ε|  ε −  |2dx, =   >
:	Z%^!ql^jsZ\^8xnGikj}znvj
c
O^m|G^mn%\ixn
ϕ
}n%
K
§eh^!j
∆ = δ(η)
³:	Z%^!ql^
δ(η)
rui2O^B@%n\^m¦rn ^!]_]3}
\§ O§WVån\^mtvo%}~rjkg
=
v>'n\x: r]_|\~r^mi
∫
Kδ(η)
%ε|  ε −  |2 ≤ η‖  ε −  ‖2H1,2(Ω) + c(η)‖

ε −  ‖2L2(Ω).
eOo\¤%ijsrjsoOjlrn\_jlZ\rui	^mijsr]3}Ajs^:rnvjsx
=


>A:'^ @Gn%}z~~gx¤Oj}zrn
lim sup
ε→0
∣∣∣∣∣∣∣
∫
Kδ(η)
ϕ%ε(|  ε|2 − |  |2)dx
∣∣∣∣∣∣∣
≤ c√η + lim sup
ε→0
c(η)√
η
‖  ε −  ‖2L2(Ω) = c
√
η,
:	Z%rZ-x]8|%~^!js^mi'jlZ\^:|\qlxhxzk§
2
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  ∫
K
ϕdµ =
∫
K
ϕ(|  |2 + 3)%dy =  	>
1  	  !#"?	

K ⊂ Ωreg
  ZﬀﬂB

ϕ ∈ C0(Ω) 
4

¯5¯
5
V¡jﬁio W!^mi8jsx |%qsxA^ﬁjlZ\^«~^m]_]_} àxq
ϕ ≥ 0 § ± Z\xhxis^«}zn }zql¤\r¼jlql}qsg n%xnO ¡n\^!v}Ajlr^
ϕ ∈ C0(Ω) § VånﬁjlZ\ri2!}is^ 5^m]8]3}3\§ _r]8|%~r^mi4jlZ\^:rn\^mtvo%}~rjsr^mi∫
Kδ(η)
ϕ(|  |2 + 3)%dy − η ≤ lim inf
ε→0
∫
Kδ(η)
ϕ(|  ε|2 + 3)%εdy ≤ = Ł?>
lim sup
ε→0
∫
Kδ(η)
ϕ(|  ε|2 + 3)%εdy ≤
∫
Kδ(η)
ϕ(|  |2 + 3)%dy + η .
{>nWjsZ\^xzjlZ\^!q'Z%}znG7³Oirn%^
%ε(|  ε|2 + 3) xnh^!ql^XiBijl}zq :^X}z¥h~gjlx µ rnWjlZ\^i|%}^>xz5jlZ\^2}Oxn
]_^X}iso\qs^Xi'xn
Ω
}n%
Kδ(η)
rui}_x]_|%},jX³ﬂ:^Z%}I^
∫
  
(Kδ(η))
ϕdµ ≤ lim inf
ε→0
∫
  
(Kδ(η))
ϕ(|  ε|2 + 3)%εdy ≤
lim sup
ε→0
∫
Kδ(η)
ϕ(|  ε|2 + 3)%εdy ≤
∫
Kδ(η)
ϕdµ .
æ
Ú
ó5æäô
 	

	ﬁﬀﬂ
ﬃ
 !#"$$%	&'()*	$+-,
-*./	0	ﬀ1

\

 qsx] jsZ\rui}n%
=
Ł?>A:^:xn%~o%O^jlZ%}Aj
∫
  
(Kδ(η))
ϕdµ ≤
∫
Kδ(η)
ϕ(|  |2 + 3)%dy + η }zn%
∫
Kδ(η)
ϕdµ ≥
∫
Kδ(η)
ϕ(|  |2 + 3)%dy − η. = ?FZ>
eOrn%!^ ∩η>0 rnvj (Kδ(η)) = ∩η>0Kδ(η) = K
³:'^Z%}I^
lim
η→0
∫
  
(Kδ(η))
ϕdµ = lim
η→0
∫
Kδ(η)
ϕdµ =
∫
K
ϕdµ.
w@}isisrn%jlx_jsZ\^:~r]_rjrn
=
?F/>4}i
η → 0 :^:x¤Ojl}rn =  	>³:	Z\ruZ-!x]_|\~^jl^mi'jsZ%^:|\qsxhxk§ 2
ª
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 
∫
K
(%
 ⊗  + %I) : ϕ⊗ ϕdx ≤
∫
K
ϕ⊗ ϕ : dE = ?>
1  	B)HB#]!#"1/B
 BB

K b Ω
   )	
$+)ﬁﬀ1 ﬀﬂB

ϕ ∈ C0(Ω)3 
4

¯5¯
5
^m!}~~'jlZ%}Aj_jsZ%^-is^mtvo\^mn%^

ε
!xnh^mqs^mi:jlx

}z~]8xvikj_^!^!qlg[:	Z\^!ql^Wrn
Ω
§ 'g jsZ\^
S&xqlx   ijsZ\^mxql^!]-³jsZ\^mqs^3^!¨hruijli:}«is^mtvo\^!nG^3xz4]_^m}io\q}z¤%~^3is^jli
Ak ⊂ K iso%Z jsZ%}zj  ε → 
o%n\r¼àxqs]_~g xn ^X}Z
Ak
}n% ]_^m}i
(K \ Ak) → 0 }i k → ∞ §^!]_]3} O§  }znG :^X}z¥ L1
!xnh^mqs^!n%!^2x
%ε
jlx
%
r]_|\~gWjlZ\^:qs^m~}zjsrxn%i
lim
ε→0
∫
K
(%ε − %)  ⊗  : ϕ⊗ ϕdy = 0, lim
ε→0
∫
Ak
%ε(

ε ⊗  ε −  ⊗  ) : ϕ⊗ ϕdy = 0,
:	Z%rZ-}z~xn\C:	rjsZjsZ%^:rn\^Xtvo%}z~r¼jkg

ε ⊗  ε : ϕ⊗ ϕ ≥ 0 gvr^!~u\i
lim sup
ε→0
∫
K
(%ε

ε ⊗  ε + %εI) : ϕ⊗ ϕdy −
∫
K
(%
 ⊗  + %I) : ϕ⊗ ϕdy =
lim sup
ε→0
∫
K\Ak
%ε(

ε ⊗  ε −  ⊗  ) : ϕ⊗ ϕdy ≥ −
∫
K\Ak
%
 ⊗  : ϕ⊗ ϕdy = O*>
eOrn%!^
%|  |2 ¤M^!~xn\vi'jsx L1(Ω) ³\jsZ\^:~u}ij4js^!ql] jl^!n%%i'jsx 0 }i k →∞ ³:	Z\ruZr]_|\~r^mi
lim sup
ε→0
∫
K
(%ε

ε ⊗  ε + %εI) : ϕ⊗ ϕdy −
∫
K
(%
 ⊗  + %I) : ϕ⊗ ϕdy ≥ 0 = />
eOrn%!^8jsZ\^3n\xnO ¡n\^!v}Ajsr^
L1
 Lào%n%,jlrxn%i
(%ε

ε ⊗  ε + %εI) : ϕ ⊗ ϕ xnh^!ql^jlx ϕ ⊗ ϕ : E ijl}q
:'^m}¥h~g3rnjsZ\^is|%}!^xzﬃ2}Oxn]_^m}io%qs^Xixn
Ω
³ﬂ:^:Z%}I^
lim sup
ε→0
∫
K
(%ε

ε ⊗  ε + 3%εI) : ϕ⊗ ϕdy ≤
∫
K
ϕ⊗ ϕ : dE ,
óó â`
ÏÔ	aXÖ
  
&
1 .?) , ;.?&  .
:	Z%rZ-}z~xn\C:	rjsZ
=
>'r^Xi
=
zZ>,³%}n%ﬁjsZ\^:~^!]_]3}àx~~x:im§
2
_ ^ﬁ}zql^_n\x:rn }-|Gxvirjsrxn jlx¦x]_|\~^jl^_jsZ\^3|%qsxhxz4xz	Y4Z\^mxql^!]0\§z§ ± Z\xhxis^_}n }zql¤\r¼jlql}qsg
!x]_|%},j
K ⊂ Ωreg ³5}n\xnO ¡n\^m}Ajlr^ào\nG,jsrxn h ∈ C0(Ω) ³}n%£}^X,jlxq ξ ∈ R3 §eO^j ϕ(x) =√
h(x)ξ
§9|\|%~ghrn\ 5^!]_]3}W\§

:^:^j4jsZ%^:rn\^Xtvo%}z~r¼jkg
Bξ · ξ ≡
∫
K
ϕ⊗ ϕ : dE −
∫
K
(%
 ⊗  + %I) : ϕ⊗ ϕdx ≥ 0,
:	Z%^!ql^>jlZ\^isgv]_]_^jlqsru]3}Ajsqlr¨
B
ri4r^!n¤hg
B =
∫
K
hdE −
∫
K
h(%
 ⊗  + %I)dx .
'g ^!]_]3}3O§Åh³%Yq
B = 0,
:	Z\ruZr]_|\~r^Xi
B = 0
§WX2^!n%!^jsZ\^:^XtoG}z~r¼jkg
∫
K
h(%

i

j + %δi,j)dx =
∫
K
hdEi,j = z?>
Z%x~u\i'àxq}~~
h ∈ C0(Ω) §&`2^¨hjm³GZ\xhxis^}nrn%!qs^X}isrn\_is^mtvo\^!nG^ {Km}m≥1 x!x]_|%},jio%¤%i^!jli
x
Ω
iso%ZjsZ%}zj
µ
(
Ωreg \ ∪Km
)
=
]_^m}i
(
Ωreg \ ∪Km
)
= 0.

qlx]
=
/> :'^!xn%!~oGO^jsZ%}zj	àxq
^m^mqsg3]3}Ajlqsr¨h EA}~o\^XWào%n%,jlrxn
ϕ ∈ C0(Ω)9 ³
∫
Ωreg
ϕ : dE = lim
m→∞
∫
Km
ϕ : dE =
lim
m→∞
∫
Km
ϕ : (%
 ⊗  + %I)dx =
∫
Ωreg
ϕ : (%
 ⊗  + %I)dx ,
}n%ﬁjsZ\^jlZ\^!xqs^m]ﬂàx~~x:im§
ª
z;7 ﬃ\ 7 7à
¬¯
53
¯8

ª[8
!AO*7
¯8

ª

Vån jsZ\rui8|%}zq}zql}|\Z :^-isZ\x: jsZ%}zj_jsZ\^-i^!j
Ωsing
ri
!xo\nvj}z¤\~g H1 ql^mjsr @G}z¤\~^³B}n% rnh^Xikjlrv}Ajs^ﬁrn]8xqs^O^j}zr~ijsZ%^ijsqlo%,jlo\ql^ﬁxz	jlZ\^]8^X}iso\ql^ E §
^m!}~~ﬃix]_^:¤%}isr:î},ji	àqlx] ^mx]_^jlqsru]_^m}iso\ql^jsZ\^mxqlg :	Z\ruZ :	r~~ﬃ¤G^o%i^XjsZ\qlxo%Z\xoOjjsZ%ri
is^mjsrxn5³\k§NDz³\G¡§
^j
µ
¤G^}8n\xnO En%^!}zjsr^}\xn]8^X}iso\ql^>rn
Ω
}n%
a ∈ Ω §BY4Z\^mn B}qlYﬃ}zn (µ, a) rui	}_i^!jxz
jlZ\xis^	}\xn8]8^X}iso\ql^mi
υ
xn
R
3 àxqW:	Z%rZjsZ\^mqs^	rui@}:is^mtvo\^!nG^ {εi}i≥1 xzT|Gxvirjsr^4ql^m}z~Onho\]¤G^mqli
iso%ZjsZ%}zj
lim
i→∞
εi = 0
}zn%
∫
R3
ϕdυ = lim
i→∞
εi
−1
∫
Ω
ϕ
(
εi
−1(x− a)) dµ. = zZ>
æ
Ú
ó5æäô
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V¡hjlZ\^!ql^@^¨Oruikji
θ(a) = lim
r→0
r−1µ(B(a, r)) <∞, jsZ\^mn B}zqY}n (µ, a) ri7n%xnO ¡^!]_|Ojkg³X}n% υ(B(0, r)) =
rυ(B(0, 1)) = rθ(a)
àxq^m^!qlg]_^m]¤M^!q
υ
x B}zqY}n
(µ, a)
§@Y4Z\^>jl}zn%^!nvjlr}~Gxn\^	jlx}]_^X}iso\qs^
µ
}Aj	jlZ\^:|Gxrnvj
a
rui4jsZ%^i^!j
Yﬃ}zn
(µ, a) =
⋂
A
{ Y}n (A, a) : A ⊂ Ω }n% lim
r→0
r−1µ((Ω \ A) ∩ B(a, r)) = 0} ,
:	Z%^!ql^>àxq}_io\¤Gi^!j A ⊂ Ω jlZ\^:n\xzj}AjlrxnYﬃ}zn (A, a) ijl}n%\i'àxq4jsZ\^!xn\^
Y}n
(A, a) = {v ∈ R3 : ∀ε > 0 ∃x ∈ A, r ∈ (0, R)
ioGZjlZ%}Aj |x− a| < ε }n% |r(x − a)− v| < ε} .
V¡
0 < θ(a) < ∞ }n% B}zqY}n (µ, a) !xn%isrijlixz4jsZ\^xn\~g£^m~^m]_^!nvj υ = 2−1θ(a)H1bT !xnO 
!^!nvjsq}Ajl^mxn } xn%^ åOr]_^mn%irxnG}z~iso\¤%is|%}!^ T ⊂ R3 ³4jlZ\^!n Yﬃ}zn (µ, a) = T § Y4Z\^-àx~~x:	rn\
ql^mjsr @G}z¤%r~r¼jkgﬁqs^Xio\~jm³\k§ND /Gis^m,jlrxn-\§ Ł%³hri}_ijsq}zrZvjàxq :4}zqW!xn%is^mtvo\^mn%^xzﬃjsZ\^\^	@%n\rjsrxnGi!§
4

¯ &¯
;7î;7
¯8
   
,ﬀ*"/"1HB 


µ
  M+*%Z
 )H# / !Cﬀﬂ  
Ω
W 

θ(x) ∈ R
	 /
x ∈ Ω     (µ, x)    B+' !YB$ R$ﬀ1%	"?U  R3 	 µ + !C
C	)B#
x ∈ Ωsing = {x : 0 < θ(x) < ∞}  
BM	)	# !#"?	
 $ﬀ1%	B	
R 
Ωsing
 
(H1, 1) + B
 $A/%B 
 ∫
Ωsing
f(x)dµ(x) =
1
2
∫
Ωsing
f(x)θ(x)dH1(x) 	  f ∈ C0(Ω).
Y4Z%^]3}rn-ql^miso\~¼j	xjlZ\ri2i^X,jsrxnrui'jsZ\^àx~~x:	rn%jlZ\^!xqs^m]-§
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ªh¯
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ª
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
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 B)HB# !#"?	
A$ﬀ1%$BB
A
Ωsing
 
(H1, 1) +  B
 $A/%B  

  
R	
µ
+ﬁ!YH$
N	)	#
x ∈ Ωsing

B   
s(x) ∈ S2 $ﬀ1 
1
   (µ, x) = i|G}zn {s(x)} 

   
P
!Cﬀﬂ E ﬃ
1  "$BB1

∫
Ωsing
ϕ(x) : dE(x) = 1
2
∫
Ωsing
ϕ(x) : s(x)⊗ s(x)θ(x)dH1(x) = />
	 
ϕ ∈ C0(Ω)9 
4

¯5¯
5
_ ^ijl}zqsjN:	r¼jlZjsZ\^:x¤%i^mqsA}zjsrxnWjlZ%}Aj	jlZ\^x]_|Gxn\^!nvjli4x]_^m}io%qs^ E }qs^:}¤%ix~o\js^!~g
!xnvjsrnho\xoGi :	rjsZ-ql^mis|G^X,j	jlx
µ
:	Z\ruZr]_|\~r^Xi4jsZ\^:ql^!|%qs^Xi^mnj}Ajlrxn
∫
Ωsing
ψ(x)dE(x) =
∫
Ωsing
ψ(x)M(x)dµ(x)
àxq}~~
ψ ∈ C0(Ω)9. =   >
X2^!ql^ﬁjlZ\^-]3}Ajsqlr¨v ¡A}z~o\^m ào\n%,jlrxn
M ∈ L1(Ωsing , µ)9 rui8n\xnO ¡n\^m}Ajlr^}n% Yq M(x) = 1 µ  
}~]_xvikj	^!^!qlg[:	Z\^!ql^2rn
Ωsing
§B`xzjl^:}z~uix8jsZG}Aj
lim
r→0
1
r
∫
B(a,r)
|M(a)−M(x)|dµ(x) = lim
r→0
1
µ(B(a, r))
∫
B(a,r)
|M(a)−M(x)|dµ(x) = 0 = 
	>
óó â`
ÏÔ	aXÖ
z  
&
1 .?) , ;.?&  .
àxq
µ
 å}z~]8xvikj^m^mqsg
a ∈ Ωsing §-`2^¨hjm³ql^!|\ql^mis^!nvj:jlZ\^ﬁxn%^mnvjsq}Ajsrxn is^jrn jsZ\^ﬁàxql] Ωsing =⋃
k≥1 Ωk
³
Ωk = {x : 1/k < θ(x) < k} §3Y4Z\^3^mijsr]3}Ajl^miàqlx] jlZ\^3^mx]_^jlqsru]_^X}iso\qs^8jlZ\^!xqsg
r]_|\~gﬁjlZ%}Aj
1/(2k)H1(A) ≤ µ(A) ≤ kH1(A) àxq2}nhg 'xql^!~5is^j A ⊂ Ωk § X^!nG^³ µ(A) = 0 àxq
^m^mqsg¦is^j
A
x¢!^mqsx H1  E]_^X}iso\qs^³5}zn%£jsZ%^3]8^X}iso\ql^ µ rui:}z¤%isx~oOjs^m~g xnvjlrnho\xo%i:	r¼jlZ ql^mis|M^m,j
jlx jlZ\^£xn\^ åOr]8^mn%isrxn%}z~X2}zoGisOxqR]_^m}io\ql^§ `^¨hj-qs^X!}~~E³,k§ D 

G¡³jsZG}Ajﬁàxq}nhg ào\nG,jsrxn
f ∈ L1(Ω) ³OjlZ\^!ql^ri}_is^j E xz¢!^mqsx H1  E]_^m}io%qs^ioGZjlZ%}Aj
lim
r→0
1
r
∫
B(a,r)
|f(x)|dx = 0
^m^mqsg[:	Z\^mqs^rn
Ω
|Mxilir¤\~g3^¨\^m|Oj'xjlZ\^is^j
E
§&ehrn%!^
µ
ri4}z¤Gix~oOjl^!~gWxnjlrnho\xo%i :	r¼jlZql^mis|G^X,j
jlxﬁjlZ\^PX2}o%ilOxq  H1 ³7jlZ\ruiqs^m~}zjsrxn£Z%x~u\i>jsqlo\^8àxq µ  ¡}~]_xvikj^!^!qlg a ∈ Ω §(Vån |%}qjlr!o\~u}zqX³TjsZ\^
^Xtvo%}z~r¼jlr^Xi
lim
r→0
1
r
∫
B(a,r)
%|  |2dx = lim
r→0
1
r
∫
B(a,r)
%dx = =
zŁ?>
lim
r→0
1
r
∫
B(a,r)
|Π|dx = lim
r→0
1
r
∫
B(a,r)
|g|dx = 0
Z%x~u\ijsqlo\^ﬁàxq
µ
 ¡}~]_xij3}z~~
a ∈ Ω §w}isisrn\¦jlx jlZ\^~r]_r¼jWrn ^XtoG}AjsrxnGi = *>}n% oGirn\ jsZ\^
^Xtvo%}z~r¼jlr^Xi
=
G;>,³
=


>A:'^xn%~o%O^jlZ%}Aj	àxq	^!^mqsg
ϕ ∈ C10 (Ω)3
³
∫
Ω
(∇ϕ : %  ⊗  + Or ϕ%) dx+
∫
Ωsing
∇ϕ : M(x)dµ(x) = = F?>
∫
Ω
∇ϕ : Πdx −
∫
Ω
ϕ · gdx.
`2x: @\¨ }zn }qs¤%r¼jlql}qsg
a ∈ Ωsing il}Ajlriàghrn% = 
	>³ = Ł/>}zn% } ^X,jsxq ¡A}z~o\^m ào%n%,jlrxn ϕ ∈
C10 (R
3)3
§&eho\¤%ijsrjsoOjlrn%
ϕ(ε−1(x− a)) rn = FZ>A:^:}zqlqlr^>}Aj
1
ε
∫
Ωsing
∇ϕ
(
x− a
ε
)
: M(a)dµ(x) = = 
?>
1
ε
∫
Ωsing
∇ϕ
(
x− a
ε
)
: (M(a)−M(x))dµ(x)+
1
ε
∫
Ω
∇ϕ
(
x− a
ε
)
: (Π− %  ⊗  ) dx−
1
ε
∫
Ω
\r
ϕ
(
x− a
ε
)
%dx− 1
ε
∫
Ω
ϕ
(
x− a
ε
)
· gdx .
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
`2xzjl^:jsZ%}zjm³G¤vg
=

	>	}n%
=
Ł/>,³GjsZ%^qsrZvj2isr\^xzjsZ%ri2^mtvo%}z~rjkgWjs^mn%\ijsx
0
}i
ε → 0 § ± Z\xhxis^}zn
^m~^m]_^!nvj
υ ∈ B}zqYﬃ}zn (µ, a) }zn%_jlZ\^>is^mtvo\^mn%^ εi il}Ajlriàghrn\ = z?>,§Beho%¤%ikjlr¼jloOjsrn\ ε = εi rnjlx =  ?>
}n%|%}ilirn\8jsx8jlZ\^:~r]_r¼jR:'^x¤Oj}zrn
∫
R3
∇ϕ(x) : M(a)dυ(x) = 0 àxq}z~~ ϕ ∈ C10 (R3)3. = 
*>
V¡j7àx~~x:iTàqlx] jsZ\ruiTjsZG}Aj5jlZ\^B]3}Ajlqsr¨h EA}z~o\^X2]_^m}io%qs^
M(a)υ
is}zjsrui @G^mi7}z~~}isiso\]_|OjsrxnGi7xz 5^m]8]3}
\§  :	r¼jlZ
Π = 0
³
g = 0
³h}n%
Ω = R3
§B	^!|\~u}!rn% E ¤vg M(a)υ rnﬁruO^mnjlr¼jkg = >'}znGWn\xjsrn\jlZ%}Aj
Yq
M(a) = 1
:'^x¤Oj}zrn
1
r
∫
B(0,r)
dυ +
∫
r≤|y|≤R
1
|y| (1− n⊗ n : M(a))dυ + ζ0(0, r) =
1
R
∫
B(0,R)
dυ = 
/>
:	Z%^!ql^
ζ0 ≥ 0 }n% n = y/|y| §ehrnG^ r−1υ(B(0, r)) = R−1υ(B(0, R)), :'^xn%~o%O^àqsx] jsZ\rui
jlZ%}Aj ∫
r≤|y|≤R
1
|y| (1− n⊗ n : M(a))dυ = 0
àxq}~~
r, R.
Y4Z%^!ql^àxql^³ |y| − y ⊗ y : M(a) = 0 àxq υ  å}z~]_xij:^!^mqsg y ∈ R3 §YV¡jrui:|Gxvisisr¤\~^_r4}n% xn\~g¦r
jlZ\^!ql^^!¨hruijli
s(a) ∈ S2 iso%Z_jlZ%}Aj M(a) = s(a)⊗ s(a) }n% υ = 2−1θ(a)H1b i|%}n {s(a)} § X2^!n%!^
Yﬃ}zn
(µ, a) =
is|%}zn {s(a)} àxq µ  ¡}~]_xij^m^mqsg a ∈ Ωsing §  qlx] jlZ\ri^:'^!xn%!~o%\^ﬁjlZ%}Aj8jsZ\^
]_^X}iso\qs^
µ
il}Ajlri@%^Xi	jsZ%^Zhgh|GxjsZ\^XiruixBwBqsx|Gxvirjsrxn£\§ 	h§ 9|%|\~ghrn\3jlZ\ri>|\qlx|Mxisr¼jlrxn :^x¤Oj}zrn
=
>A:	Z%rZ-x]8|%~^!js^mi	jsZ\^:|\qlxhxzﬃxzﬃY4Z%^!xql^!] O§ ŁO§
2
_ ^4qs^!jso\qlnjlx2jlZ\^|%qsxhxzGxzGY4Z\^mxql^!] §z§ V¡jﬃql^!]3}rn%ijlx>n\xjs^jsZ%}zjjlZ\^	ikj}Ajl^!]_^!nvjxzGY4Z\^mxql^!]
§>àxq
γ = 1
ri	}n-x¤hhrxo%i4xnGi^Xto%^!n%!^>xY4Z\^mxql^!]3i	O§:}zn%«\§ ŁO§
 

ﬃ3


	: "
2


$
2

 
4

¯5¯
5
¯
5
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
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  
Vån xqO^!qjlx¦}Ixru«ql^!|M^jlr¼jlrxn%iﬃ:'^8r^xn\~g«jsZ\^3|%qsxhxz&àxq
γ > 1
§

r¨¦}zn£}qs¤\rjsq}zqlg
ε > 0
}n%¦xn%isrO^mq2jlZ\^î}]_r~g«xzB¤Mxo\nG\}zqlgv EA}z~o\^|%qsx¤\~^m]3i!³TO^!|M^!nGOrn%ﬁxn
|G}zq}z]_^jl^!q
t ∈ [0, 1] ³
(α%+
√
ε%5)

+
Or
(
 ⊗ (t%  − ε∇%)) + t∇p(%) = t% < + \r Σ(  ) rn Ω, = }Z>
α%+
√
ε%5 + t
Or
(%

)− ε∆% = tf rn Ω, u = 0, ∂n% = 0 xn ∂Ω. = z¤>
_ ^¤M^!rnP:	rjsZ3|%qsxAhrn\}|\qlrxqsr\^Xikjlr]3}zjs^miBàxq'ix~oOjlrxn_jsx|%qsx¤\~^m]
= 
/>!§@b«o\~jsr|\~ghrn\:jlZ\^2¤MxzjlZ
isruO^mi4xﬃ^XtoG}AjsrxnGi
=
}>	}n%
=
¤1>4¤hg γ−1
γ

}znG
%γ−1
³Gqs^Xi|M^mjsr^m~g³Ornvjs^mq}Ajlrn\_xA^!q
Ω
³%}znG
óó â`
ÏÔ	aXÖ

 
&
1 .?) , ;.?&  .
!x]¤\rn%rn\8jlZ\^:x¤Oj}zrn\^mql^miso\~¼ji :^:}qsqlr^}zj4jsZ\^:ruO^!nvjlr¼jkg
γ − 1
γ
∫
Ω
(
|∇  |2 + (1 + ν)| \r  |2 + %|
 2|
2
(α+
√
ε%4)
)
dx+
∫
Ω
(
α%γ +
√
ε%4+γ + ε(γ − 1)%γ−2|∇%|2
)
dx =
∫
Ω
(
t
γ − 1
γ
% <

+ f(%γ−1 − |
 |2
2
)
)
dx ,
:	Z%rZ_Z\x~\i@jsqlo\^'àxqB^m^!qlgis]_xvxjsZ3isx~oOjsrxn
(%,

)
³Z:	r¼jlZ_}|Mxisrjsr^O^mn%irjkg
%
³zjlx:|\qlx¤\~^!]
= 
Z>,§
`2xzjlrn\8jlZ%}Aj	àxq
ν > −2 ³∫
Ω
(
|∇  |2 + (1 + ν)| Or  |2
)
dx ≥ c(ν)
∫
Ω
|∇  |2dx, :	Z\^mqs^ c(ν) > 0,
:'^x¤Oj}zrnﬁjlZ\^:^mijsr]3}Ajl^mi
‖%‖Lγ(Ω) + ‖
 ‖H1,2(Ω) + ‖%|
 |2‖L1(Ω) ≤ c, = 
Z>
ε1/2‖%4+γ‖L1(Ω) + ε1/2‖%5|
 |2‖L1(Ω) + ε‖(1 + %)2−γ |∇%|2‖L1(Ω) ≤ c = 
/>
:	rjsZ } !xn%ijl}nvj
c
rn%O^m|G^mn%O^mnj_xz
t
}zn%
ε
§ `2^¨hjm³B]o\~jsr|\~ghrn\ jsZ\^-¤MxzjsZ iruO^Xix
= 
¤1>¤hg
√
ε%m−1
³
1 ≤ m ≤ 4 ³\}n%rnvjl^!q}Ajlrn%jlZ\^:qs^Xio%~¼j	xA^mq Ω :'^x¤Oj}zrn
∫
Ω
(
ε3/2(m− 1)%m−2|∇%|2 + ε1/2α%m + ε%4+m
)
dx =
√
ε
∫
Ω
(
%m−1f − tm− 1
m
%m
Or

)
dx .
`2xzjlrn\8jlZ%}Aj
∣∣∣
∫
Ω
%m−1fdx
∣∣∣ + ∣∣∣
∫
Ω
%m
Or

dx
∣∣∣ ≤ c1
(∫
Ω
%2m
)1/2
≤ c2
(∫
Ω
%4+m
)1/2
+ c3,
:'^:}zqlqsr^}Aj4jlZ\^:rn%^mtvo%}z~rjkg
∫
Ω
(
ε3/2(m− 1)%m−2|∇%|2 + ε1/2α%m + ε%4+m
)
dx ≤ c4
√
ε
(∫
Ω
%4+m
)1/2
+ c5,
:	Z%rZ :	r¼jlZ
m = 2
}znG
m = 4
r^mi'jlZ\^:^mijsr]3}Ajl^mi
ε3/4‖∇%‖L2(Ω) + ε1/8‖%‖L8(Ω) ≤ c. =

>
æ
Ú
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 	
`2^¨hjn\xjs^jsZ%}zj
=
?>å 
=

>'r]_|\~gWjlZ\^:^mijsr]3}Ajl^mi
‖%∇  ‖L8/5(Ω) ≤ ‖∇
 ‖L2(Ω)‖%‖L8(Ω) ≤ cε−1/8, =
	A}Z>
‖|  ||∇%|‖L3/2(Ω) ≤ ‖
 ‖L6(Ω)‖∇%‖L2(Ω) ≤ cε−3/4, =
	I¤>
‖%  ‖L24/7(Ω) ≤ ‖
 ‖L6(Ω)‖%‖L8(Ω) ≤ cε−1/8, =
	A;>
‖%5|‖L8/5(Ω) ≤ ‖%‖5L8(Ω) ≤ cε−5/8 =
	A1>
V¡j8ri^m}ig jsx i^m^3jsZG}Aj3}¦ix~o\jsrxn jsx
=
}/>Z%}ijsZ\^qs^m|\ql^mis^!nvjl}zjsrxn
% = %1 + %2
rn :	Z\rZ
%i
il}Ajlriàg3jlZ\^:^mtvo%}zjsrxn%i
(ε∆− α)%1 = t Or (%  ), (ε∆− α)%2 =
√
ε%5,
}n%8jsZ%^Z\x]_x^!n%^!xoGiB`^mo\]3}zn\n3¤Mxo\nG\}zqlg8!xn%\r¼jlrxn%i!§

qlx] jsZ%rim³rn3hr^;: xz7jsZ%^^!]¤G^X\Orn\i
H1,24/7(Ω) ↪→ C(Ω) ³ H2,8/5(Ω) ↪→ C(Ω) ³B}zn% rn\^XtoG}z~r¼jlr^Xi =  	zB>,³ =  	A>,³ :^xn%~o%O^3jlZ%}Aj
% ≤ cε ³ﬂ:	Z%^!ql^}8xn%ikj}znvj cε Oxh^Xin%xzj	O^!|M^!n%xn t §Behrn%^ % ri'¤Mxo\nGO^mﬁàqsx] }z¤MxA^³v^Xtvo%}Ajlrxn
= 
}/>'!}zn-¤M^:qs^;:	qsrjjl^!nrnjlZ\^àxql]
∆

+ (1 + ν)∇ Or  = Or G2 +G1 rn Ω,
:	rjsZ jlZ\^-js^mqs]3i3rn jsZ\^¦qlrZvjWiruO^¦il}Ajsruiàgvrn\ jsZ%^«rn\^Xtvo%}z~r¼jlr^Xi |Gi| ≤ cε(1 + |  |i) ³ i = 1, 2 §
S&]¤M^m\Orn\
H1,3(Ω) ↪→ Lr(Ω) ³ r > 1 ³&rn\^mtvo%}~rjkg = ?>_}znG} |\qlrxqlr'^Xikjlr]3}zjs^mi8àxq3^!~~r|Ojlr
^Xtvo%}Ajlrxn%ighr^m~ ‖  ‖Lr(Ω) ≤ cε(r)
§W9qlo\rn\}iB¤G^!àxql^N:^!xn%!~o%\^	jsZ%}zj ‖  ‖H1,r(Ω) ≤ cε(r)
àxq
^m^mqsg
r > 1
}znGZ%^!n%!^ |  | ≤ cε §Y4Z\^!ql^àxqs^³ % }znG |  | }qs^4¤Mxo\nGO^m8¤hg}xn%ijl}znvj@rn%O^!|M^!nGO^!nvj
x
t
§

qsx] jsZ\rui:}znG«jsZ%^8ql^miso\~jli>àqlx] jsZ%^jlZ\^!xqsg«x :'^m}z¥h~g-n\xn\~rn\^m}q^m~~r|Ojsru8^mtvo%}Ajlrxn%im³Tis^!^
Y4Z%^!xql^!] X\§rn D HGE³1:^:xn%~o%O^jlZ%}Aj	jlZ\^:rn%^mtvo%}z~rjkg
‖(%,  )‖C2+β(Ω) < C∗(ε,Ω, ‖(f, < )‖Cβ(Ω), α, ν) =
Ł?>
Z%x~u\i'àxq	^m^!qlgWisx~oOjsrxn
(%,

) ∈ C1+β(Ω) ³ % > 0 ³hjlx3|\qsx¤\~^!] =  ?>,§
Yx jl}¥h~^jsZ\^«^!¨hruijs^!nG^«tvo\^mijsrxn :^-n\^m^m jsx ql^àxql]o%~}zjs^|\qsx¤\~^!]
= 
?>8}i3} n%xn\~rn%^m}zq
x|G^mql}zjsxq'^Xtvo%}AjlrxnﬁrnjlZ\^àxql]
(%,

) = Φt(%,

)
§WVånvjsqlxOOo%^jlZ\^:]3}z|\|\rn\
Φt : (%ˆ, ˆ

) 7→ (%,  )
\^	@%n\^X-}i	}_ix~o\jsrxnjsx8jsZ\^:¤Mxo%n%\}zqlgv EA}~o\^|\qlx¤\~^!]
Or
Σ(

) = (α%ˆ+
√
ε%ˆ5)ˆ

+
Or
(
(t%ˆˆ
 − ε∇%ˆ)⊗ ˆ ) + t∇p(%ˆ)− t%ˆ < , = F}Z>
ε∆%− α% = √ε%ˆ4%+ t \r (%ˆˆ )− f rn Ω, u = 0, ∂n% = 0 xn ∂Ω. = Fz¤>
{>¤hhrxo%is~g³jlZ\^]_}|\|\rn\
(%ˆ, ˆ

, t) 7→ (%,  ) O^mn\xzjl^m ¤hg Φ : C1+β(Ω)4 × [0, 1] 7→ C2+β(Ω)4
ruixnvjlrnho\xo%i!§Y4Z\^8qs^m]3}zrn\rn%ﬁ|%}qjxz@jsZ%^|\qlxhxz&ql^!~r^mixn¦jlZ\^àx~~x:	rn\W~^!]_]3}\³7¤\oOj@%qikj:^
ql^mm}z~~7}zn«}z¤%ijsq}j'ql^miso\~j	o%i^!ào\~7àxq	xo\q	|\o%qs|Mxis^mim§
Y4Z%^&|\qlxhxzOxz ^!]_]3}

§Å4rui¤%}i^Xxn:jlZ\^Bàx~~x:	rn\ql^miso\~¼jàqsx] jlZ\^BjlZ\^!xqsgxz\|Mxisrjsr^Bx|G^mql}zjsxqim³
k§ DmŁGE³Z§ 	O§ %§X\§ ^j
E1
³
E2
¤G^4}zn%}Zis|%}!^miQ:	r¼jlZjlZ\^	xn%^mi
Ki ⊂ Ei ³ i = 1, 2 §Q9 ¤Mxo\nGO^m
x|G^mql}zjsxq
A : E2 7→ E1 rui	il}zruWjlx3¤G^:|Mxisr¼jlr^r¼ AK2 ⊂ K1 §
óó â`
ÏÔ	aXÖ
Ł  
&
1 .?) , ;.?&  .
4  ¯ &¯ ;7î;7 ¯8    
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B1, B2 : E1 7→ E2 	
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B−11 (B1 −B2)
  !R"1/B
 
   B (  TB B!CB1

%0 ∈
$

K1
 "1H$ 
 )HC1


κ
$ﬀ1 
1

B2%0 ≥ κB1%0 


(B1 −B2)u ∈ K2
	( 
u ∈ K1 
 U
B   H
 B1 ≥ B2 
 1	U
1("B 

B2
H " 
 ) )HBB 
Y4Z%^>àx~~x:	rn\_~^m]8]3}8rui}zn-}z|\|%~ru!}zjsrxnxzjlZ\^}z¤Gikjlql},j	qs^Xio%~¼jX§
ª
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Ω ⊂ R3 %P %ﬀﬂ? ?!Y  W 
U
Y%ﬀﬂ/# ∂Ω ∈ C2+β  )HB
- $ B 
 ∈ C1+β(Ω)3 )1  1$Y ∂Ω   ﬀﬂB
 b ∈ Cβ(Ω)   $
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Ω
 
B^	 Y+*%Z
 )H
f ∈ Cβ(Ω) 
1 "  /%B B!
−ε∆%+  ) (%  ) + b% = f   Ω, ∂n% = 0

∂Ω, =
	z?>
1HYﬀﬂ0	ﬀ1 $
$B
ﬀ"$ 
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% ∈ C2+β(Ω)
4

¯5¯
5
`2x: O^mn\xzjl^_¤vg
E1
jsZ\^3!~xvi^X iso\¤%is|%}!^x
C2+β(Ω)
:	Z\ruZ xnGiruikjixz4}z~~ào\n%,jlrxn%i
il}Ajlriàghrn%_jsZ\^Z%x]_x^!n\xo%i4¤Gxo\n%\}qsg`^mo\]3}zn\n¦!xn%Orjsrxn-xn
∂Ω
³%}n%«is^j
E2 = C
β(Ω)
§ ^j
Ki ⊂ Ei ³ i = 1, 2 ³ﬃ¤M^WjsZ%^ﬁxn\^mixz	n\xn\ En\^m}zjsr^_ào\n%jsrxn%im§ ^j L : E1 7→ E2 ¤M^}«~rn%^m}zq
x|G^mql}zjsxqO^	@%n%^m ¤hg
L% ≡ −ε∆% + \r (%  ) § X^!nG^Wxo\q:jl}i¥ rui:jsx£|\qsxA^8jsZ%}zjjsZ\^mqs^ﬁ^¨Orijli
jlZ\^-¤Gxo\n%O^X |Mxisrjsr^x|M^!q}Ajsxq
(L + b)−1 : E2 7→ E1 § _ ^«ijl}zqsjC:	r¼jlZ|\qlxAhrn%¦jsZG}Aj_jsZ\^
^Xtvo%}Ajlrxn
L%0 = 0
Z%}i&}ikjlqsru,jl~g_|Mxisr¼jlr^2ix~o\jsrxn
%0 ∈ E1 § V¡jàx~~x:iBàqsx] jlZ\^2^!n\^mql}~\jlZ\^!xqsg
x@¤Gxo\n%\}qsgv ¡I}~o%^:|\qsx¤\~^!]3i4àxqjsZ\^8i^XxnGxql\^!q^m~~r|\jsruOr M^mqs^mnvjsru}z~^Xtvo%}Ajlrxn%iﬃD

GjsZ%}zjàxq
@%¨h^X
k > sup
Ω
(| Or  (x)| + b(x)) }n%-}z~~ f ∈ E2 ³OjsZ%^`^!o%]_}n\n-|\qlx¤\~^!]
(L+ k)% = f ∈ E2, % ∈ E1 = 	h*>
ZG}i2jsZ\^_o\n\rutvo\^8n\xnO ¡n\^m}Ajlr^isx~oOjsrxn§ gjlZ\^_]_}z¨Or]o\] |\qlrn%!r|%~^
%
ruin\xn\ En\^m}zjsr^r
f
rui
n%xnO ¡n\^!v}Ajlr^§ X^!nG^>jsZ\^:x]_|%}j4|Mxisrjsr^x|M^!q}Ajsxqrui4O^	@Gn\^m¤hg
A = (L+ k)−1 : E2 7→ E2 §
_ ^W!}n }z|\|\~g¦jlZ\^W]3}A¨Or]o\]0|\qlrn%!r|%~^
=
D

GE³Y4Z\^mxql^!] F%§

>2àxq
=
	h;>!³5jlx¦x¤Oj}zrn jsZ%}zj
%
Oxh^mi
n%xzj3}Ajj}zrn jlZ\^-n\xn\ E|Mxisr¼jlr^]_rn\r]o\] rn
Ω
§ X^mn%^«} ix~o\jsrxnjsx |\qsx¤\~^!]
=
	O*>rui8ijsqlru,js~g
|Mxisrjsr^rn%isruO^
Ω
àxqW}~~
f ∈ K2 \ {0} §b¦xql^!xA^mqm³jlZ\^«ix~o\jsrxn rui3ijsqlrjs~g |Gxvirjsr^rnjlZ\^
!~xvio%qs^8xz
Ω
§YVån xql\^!qjsx-|\qlxA^jsZ%^3~}ikjijl}Ajl^!]_^!nvjiso\|\|Mxis^³5xn£jlZ\^Wxnvjsq}zqlg-jsx-xo\q!~}r]-³
jlZ%}Aj
Af(x0) = 0
}Aj4ix]8^|Mxrnj
x0 ∈ ∂Ω §&{>¤%is^!ql^jlZ%}Aj'jsZ%^2ào\nG,jsrxn % = Af ∈ E1 rui'|Gxvirjsr^
rn%isr\^
Ω
}zn%is}zjsrui @G^mijsZ\^:rn\^XtoG}z~r¼jkg
(L+ k)% ≥ 0 rn Ω §  o%qjlZ\^!ql]_xql^³ % jl}¥^mijlZ\^¢!^!qlx8I}~o%^
àxq2jlZ\^]_rn\r]o\]}zj
x0
§ g ^!]_]3}ﬁ\§ ﬁrnMD

GjlZ\^rnvjs^!qlrxq2n%xql]_}~ﬃ\^!qlrA}Ajlr^xz
%
}zj>|Mxrnj
x0
rui2ijsqlrjs~gﬁ|Mxisr¼jlr^³:	Z\ruZ«rui	rn¦!xnvjsq}\rjsrxn :	r¼jlZ-jsZ\^Z%x]_x^!n\^mxo%i	`2^!o\]3}zn%n«¤Gxo\n%\}qsg
!xn%\r¼jlrxn5§
æ
Ú
ó5æäô
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eh^!j
%1 = A1
³ :	Z%^!ql^
1
ri_jlZ\^¦Z%}ql},js^mqsruijsruWào\nG,jsrxn x
Ω
§ eOrn%!^
Af
!xnvjsrnho\xoGi3}zn%
ijsqlru,js~g|Gxvirjsr^³\àxq>^!^!qlg
f ∈ K2 \ {0} jlZ\^!ql^^!¨hruij2|Gxvirjsr^xnGikj}znvjli α ³ β O^m|G^mn%Orn\Wxn f
iso%Z jsZ%}zj
α%1 ≤ Af ≤ β%1 § X2^!n%!^ A : E2 7→ E2 rui:}«x]8|G},j %1  ¡|Mxisr¼jlr^8x|G^mql}zjsxqm³D 	*GE§
± ~u}ilisrm}z~Oql^miso\~¼jiﬃàqsx] jlZ\^!xqsgxM|Mxisrjsr^	x|M^!q}Ajlxqi!³zis^!^Y4Z%^!xql^!]3iB\§ Ł%³O§m}znG_\§X>àqsx] D 	;G
àxq^¨\}]8|%~^³%r]8|%~gjsZG}Aj
A
ZG}i2}_|Mxisrjsr^isr]_|\~^^mr^!nhA}z~o\^
λ0
ioGZjlZ%}Aj>jsZ\^xqlql^mis|Gxn%Orn\
^mr^!nOào%n%,jlrxnruiijsqlrjs~gW|Gxvirjsr^:}n%
λ0 > |λ| àxq}nhgW^!r^mnvA}~o\^ λ 6= λ0 §
{>o\q	n%^¨hj4jl}is¥Wrui'jsx3isZ\x: jsZG}Aj
λ0 = (k)
−1 §W_ ^¤M^!rn :	rjsZx¤%is^!qlA}AjlrxnWjsZG}Aj4jsZ\^:x|G^mql}zjsxq
^Xtvo%}Ajlrxn
(k)−1% − A% = 1 rui^mtvo\rA}z~^!nvj:jsx¦jsZ\^W¤Mxo%n%\}zqlgv EA}~o\^_|\qlx¤%~^m] L% = k ³ % ∈ E1 ³
:	Z%rZZ%}i'n\x3isx~oOjsrxnGi!§@Y4Z\^mqs^!àxql^³h¤hg3jsZ\^  qs^XOZ\x~] }~¼jl^!qln%}Ajlr^³
k−1
rui	}zn^!r^mnvA}~o\^xzjsZ\^
x|G^mql}zjsxq
A
§5^j4o%i4|\qlxA^2jsZ%}zj
k−1
rui&jlZ\^]3}A¨Or]3}~7^!r^!nhA}z~o\^§QV¡jsZ\rui	}ili^mqjlrxnWrui'î}z~ui^³jlZ\^!n
jlZ\^!ql^^¨OrijlijlZ\^|Mxisrjsr^^!r^!nhA}z~o\^
λ0 > k
−1 § 'g jsZ\^«O^B@%n\rjsrxnxz A
³BjsZ%^^mr^!nOào%n%,jlrxn
%0 ∈ E1 il}Ajlriàghrn%jsZ%^2^mtvo%}zjsrxn λ0%0−A%0 = 0 ri'}isx~oOjsrxn_jlxjlZ\^>¤Mxo%n%\}zqlgv EA}~o\^2|\qsx¤\~^!]
(L+τ)%0 = 0
³
%0 ∈ E1 ³:	Z\^!ql^ τ = k−λ−10 > 0
§5^!jﬃo%iﬃxn%isrO^mq5jlZ\^|G}zq}z¤Mx~r@¤Mxo%n%\}zqlgv EA}~o\^
|%qsx¤\~^m]
∂v
∂t
− ε∆v + Or (v  ) = 0 rn Ω× (0,∞), ∇v · 8 = 0 xn ∂Ω× (0,∞) ,
v(x, 0) = v0(x)
rn
Ω .

xq2}nhg
v0 ∈ Cβ(Ω) jsZ\rui|%qsx¤\~^m] Z%}i4jsZ%^o\n\rutvo\^is]8xhxjsZ«ix~o\jsrxn5³:	Z\rZ-rui|Mxisr¼jlr^:r¼ v0 ri
n%xnO ¡n\^!v}Ajlr^§CVånvjsqlxh\o%^8jsZ%^3x|M^!q}Ajsxq
V (t) : v0(·) 7→ v(·, t) §{>¤hhrxo%i~g V (t) |\ql^mis^!ql^mi>jlZ\^
xql\^!q>}n%-jlZ\^8ZG}zql^rE§ ^§³
V (t)v′0 ≥ V (t)v0
àxq}nvg
v′0 ≥ v0
}n%
∫
Ω V (t)v0(x)dx =
∫
Ω v0dx
§
eOrn%!^àxq^!^mqsg
u, v ∈ Cβ(Ω) jsZ\^8ào\nG,jsrxn max{u, v} ∈ Cβ(Ω) :'^8m}zn }|\|\~g«jsZ%^ ± q}zn%%}z~~¼ 
Yﬃ}zqsjl}qY4Z\^mxql^!] D 	HGA:	Z\ruZ r]8|%~r^mijsZ%}zj
V (t)
rui8}«n\xn\ E^!¨h|G}zn%isr^3x|M^!q}Ajlxqrn jsZ%^ﬁ]_^jlqsruWx
L1(Ω)
§ Vån |%}qjlr!o\~}qm³ :'^ZG}I^ ‖V (t)%0‖L1(Ω) = ‖%0‖L1(Ω)
§ {>n jlZ\^xjsZ\^mqZG}zn%7³&^mtvo%}Ajlrxn
(L + τ)ρ0 = 0
r]8|%~r^mijsZ%}zj
V (t)%0 = e
τt%0
§ X^mn%^
τ = 0
:	Z\ruZ r^mi
λ0 = k
−1 }n% jsZ\^
}isis^!qsjsrxnﬁàx~~x:im§@	^mm}z~~TjsZ%}zj
%0
il}Ajlri@%^mi'jlZ\^:^mtvo%}zjsrxn
L%0 = 0
§
Y4Z\^mqs^!àxql^³OjlZ\^:x|M^!q}Ajlxqi
B1 = (L+ k)
³
B2 = (L+ b) : E2 7→ E1 }qs^:xnvjsrnvo%xo%i	}n%jsZ\^
rnh^mqlis^
(L + k)−1 = A : E1 7→ E2 rui|Gxvirjsr^§3b«xql^!xA^!qX³ L + k ≥ L + b }zn% (L + b)%0 =
b%0 ≥ κk%0 = κ(L+ k)%0 àxqix]8^|Mxisr¼jlr^ κ §'{>¤hhrxo%is~g %0 > 0 ri'jlZ\^rnvjl^!qlrxq'|Mxrnvj	xzﬃjsZ\^
!xn\^Xi
K1
}zn%
K2
§

qsx]ﬂjsZ%riN:'^:xn%~o%O^jsZG}Aj	jsZ%^:x|M^!q}Ajsxq
L+ b
Z%}i'jlZ\^:¤Gxo\n%O^X|Gxvirjsr^
rnh^mqlis^³[:	Z\ruZ!x]_|\~^jl^mi4jlZ\^:|\qlxvxk§
2
^jﬁo%iWjso\qln ¤%}¥ jsx jsZ\^¦|%qsxhxzxzY4Z\^mxql^!] §Åh§ 2^mn\xzjl^¦¤hg J } iso\¤%is^jﬁx C1+β(Ω)4
\^	@%n\^X ¤vg¦jsZ\^3rn\^mtvo%}~rjsr^mi {(%,  ) : % ≥ 0, ‖(%,  )‖C1+β(Ω) ≤ C∗}
§^V¡j:àx~~x:i>àqsx]5^m]_]_}

§ _jsZ%}zj^m^!qlgP@%¨h^X¦|Mxrnvj
(%,

)
x
Φt
is}zjsrui @G^mirn\^XtoG}z~r¼jkg
=
Ł/>!§>b«xqs^mxA^!qX³
% ∈ J rui>ijsqlrjs~g
|Mxisrjsr^§NX2^!n%!^jsZ%^!ql^}zql^:n\xY@\¨O^X«|Gxrnvjixz
Φt
}Aj
∂J àxq>}~~ t ∈ [0, 1] §2{>n«jlZ\^xzjlZ\^!q>Z%}znG7³
jlZ\^W]3}z|%|\rn%
Φ0
Z%}ijsZ\^ﬁo\n\ruto%^Y@\¨O^m |MxrnvjrnGiruO^ J § 'g jsZ\^ ^!q}Igv åeOZG}zo%O^mq@\¨O^m |Mxrnj
Y4Z%^!xql^!]-³|\qsx¤\~^!]
=
/>BZG}i&}ix~o\jsrxn
(%,

) ∈ rnvj J § V¡j4qs^m]_}rnGi@jsxn\xzjl^	jsZG}Aj4^mijsr]_}zjs^Xi = X/>
àx~~x:iàqsx]
= 
?>å 
= 
	A>4}n%ﬁjsZ\^:|\qlxhxzﬃxz@Y4Z\^!xqs^m]§Årui!x]_|\~^js^X7§
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Y4Z\^:|%qsxhxzﬃri4¤G}is^mxnjsZ\^àx~~x:	rn\~^!]_]3}im§
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     
B

(

ε, %ε)
% (B0Bﬀ1	 ﬃ 	ﬁﬀﬂ

-#"  /%B B!
=
!Z>  
1	 
1	 ﬃ  ($ﬀ1%$BB+
0Bﬀ1B

$
  ﬂ/B
-]% 
(

ε, %ε) 
$ﬀ1 
1


ε → 
 *.ﬀ  
H1,20 (Ω), %ε → %
 ;.ﬀP 
Lγ(Ω), %ε

ε → % 
 ;.ﬀP 
L1(Ω), =
	z/>
√
ε‖%5ε‖L1(Ω) +
√
ε‖%5ε

ε‖L1(Ω) + ε‖|

ε|∇%ε‖L3/2(Ω) → 0

ε→ 0. = 	A?>
4  ¯5¯ 5 Y4Z\^ﬃ@%qikj	j :'x3xnv^!ql^mn%^Xirn
=
	/>'x¤hhrxo%is~gWàx~~x:i'àqlx] Y4Z\^!xqs^m]d§Åh§ Vånxql\^!q4jsx
|%qsxA^jsZ%^>jlZ\rql-xnh^!ql^mn%^2n\xzjl^>jlZ%}Aj	¤hg3jlZ\^ SBxqsx  i'jsZ%^!xql^!] àxq4^!^mqsg
η > 0
jsZ%^!ql^>^!¨hruijli
E ⊂ Ω iso%ZﬁjlZ%}Aj  ε →  o%n\r¼àxqs]_~gWxn E ³%}n%ﬁ]_^X}i (Ω \E) < η :	Z%rZ-ghr^m~%i
lim sup
ε→0
∣∣∣
∫
Ω
h(%ε

ε − %  )dx
∣∣∣ ≤ 2‖h‖L∞(Ω) lim sup
ε→0
∫
E
%ε|  ε|dx ≤
c lim sup
ε→0
(∫
E
%εdx
)1/2(∫
E
%ε|  ε|2dx
)1/2
≤ c lim sup
ε→0
(∫
E
%εdx
)1/2
→ 0 }i η → 0.
eOrn%!^³\¤hg
=
Xz¤1>}n%
=
Xz^;>!³hjsZ\^is^mtvo\^mn%^
√
ε%5ε ln(1 + %ε)
rui4¤Gxo\n%O^Xrn
L1(Ω)
³:'^Z%}I^
lim sup
ε→0
√
ε
∫
Ω
%5εdx ≤ lim sup
ε→0
√
ε
∫
%ε>N
%5εdx ≤
ln(1 +N)−1 lim sup
ε→0
√
ε
∫
%ε>N
%5ε ln(1 + %ε)dx ≤ c ln(1 +N)−1 → 0
}i
N →∞,
:	Z%rZr]_|\~r^mi4jlZ\^xnv^!ql^mn%^>xzﬃjsZ\^@%qikj	jl^!ql] rn
=
	A/>!§B`xjsrn\8jsZ%}zj
√
ε‖%5ε

ε‖L1(Ω) ≤ N
√
ε‖%5ε‖L1(Ω) +N−1
√
ε‖%5ε|

ε|2‖L1(Ω) ≤ N
√
ε‖%5ε‖L1(Ω) + cN−1
:'^x¤Ojl}rn
lim sup
ε→0
√
ε‖%5ε

ε‖L1(Ω) ≤ cN−1
³ :	Z\ruZ¦r^mi	jlZ\^_xnh^!ql^!nG^:xz@jlZ\^is^m!xn%«js^!ql]
rn
=
	z/>,§WV¡jql^!]3}zrn%i'jlx8n%xzjs^jlZ%}AjX³O¤hg
=
Xz>!³
ε‖|  ε|∇%ε‖L3/2(Ω) ≤ ε‖∇%ε‖L2(Ω)‖

ε‖L6(Ω) ≤ cε1/4 ,
}n%ﬁjsZ\^:~^!]_]3}8àx~~x:im§
2
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     
 
γ = 1 

1	
%ε

ε⊗  ε → %  ⊗  +S
  D′(Ω)  ﬂ1	 S !CB
N 0Bﬀﬂ  B!CB1



 B! 



 
γ > 1

1	(	( 
Ω′ b Ω 
%ε → %
 ;.ﬀP 
Lγ(1+κ)(Ω′), %ε

ε ⊗  ε → %  ⊗ 
 ;.ﬀP 
L(1+κ)(Ω′).
4

¯5¯
5
_ ^2ijl}qj:	rjsZ3Z%^x¤%is^!qlA}AjlrxnjlZ%}AjB^XtoG}Ajsrxn
=
!}?>@!}n8¤M^R:	qlr¼jsjs^mn3rn8jsZ%^	àxql]
=
*>
:	rjsZjlZ\^js^mqs]3i4rnjlZ\^:qlrZjisr\^\^	@%n\^X¤vg
Π(1)ε = Σ(

ε), Π
(2)
ε = −ε∇%ε ⊗

ε, gε = %ε < − %ε  ε −
√
ε%5ε

ε. =
	IZ>
æ
Ú
ó5æäô
 	

	ﬁﬀﬂ
ﬃ
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$$%	&'()*	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
%
X2^!n%!^WjlZ\^ﬁ~^!]_]3} :	r~~4¤M^ﬁ|\qlxA^X r¼R:'^isZ\x: jsZG}Aj8jsZ\^ﬁào\n%,jlrxn%i8is}zjsruikàg }z~~4}ilio\]_|Ojlrxn%ix
Y4Z%^!xql^!] §z§:ehrn%^jsZ\^8i^Xtvo\^!n%!^
Π
(1)
ε
ri>¤Gxo\n%O^X«rn
L2(Ω)9
³7rj2àx~~x:i	àqlx]
=
	/>}n%
=
	A?>
jlZ%}Ajr¼jio  3!^mijsxﬁisZ\x: jsZ%}zj
Π
(2)
ε
il}Ajlriàg
=
F?>§2Yx3jlZ\ri>^!nG«n\xzjl^:jsZG}Aj2àxqs]o\~u}z^
=
m/>2}zn%
=
	IZ>
ghr^!~uWjlZ\^:ql^!|\ql^mis^!nvjl}zjsrxn
SΠ(2)ε (x, r, R) =
R∫
r
dt
t
∫
|x−y|=t
δi%ε

ε,idS,
:	Z%^!ql^
δi = ∂i−nink∂k O^mn\xzjl^mi5jsZ\^&jl}zn%^!nvjlr}~O^!qlrI}zjsr^Xi7xnjlZ\^&is|\Z\^!ql^ {y ∈ R3 : |x−y| = t}
àxq}(@\¨O^m
x
§WVånvjs^mq}Ajlrn\8¤hgW|%}qji4xA^!q'jlZ\ri2i|\Z%^!ql^:'^x¤Oj}zrnﬁjlZ\^:ruO^!nvjsrjkg
SΠ(2)ε (x, r, R) = −
R∫
r
dt
t
∫
|x−y|=t
%εδi

ε,idS −
R∫
r
dt
t2
∫
|x−y|=t
%ε

ε · ndS,
:	Z%rZ-}z~xn\C:	rjsZ
=
IzB>'r]_|\~r^Xi4jsZ\^^Xikjlr]3}Ajl^
|SΠ(2)ε (x, r, R)| ≤ ε
∫
B(x,R)
( |%ε∇  ε|
|y| +
|%ε  ε|
|y|2
)
dy ≤
cε‖%ε∇  ε‖L8/5(Ω) + cε‖%ε

ε‖L27/4(Ω) ≤ cε7/8 → 0
}i
ε→ 0.
X2^!n%!^
Π
(i)
ε
}zn%
gε
il}Ajlriàgﬁ}~~!xn%\r¼jlrxn%i4xzY4Z\^!xqs^m]§ :	Z\rZ-x]_|\~^!js^Xi'jsZ\^:|\qlxhxzk§
2
V¡j:àx~~x:i>àqsx]5^m]8]3}

§ jsZ%}zjàxq:^!^!qlg
Ω′ b Ω
jsZ\^3is^mtvo\^!nG^
pε
xnv^!ql^Xi#:'^m}¥v~g«rn
L1+κ(Ω′)
jlxisx]_^4ào\n%jsrxn
p ∈ L1(Ω)∩L1+κloc (Ω)
§@Y4Z\^	àx~~x:	rn\jsZ\^mxql^!]|%~}IgOiB}n3r]_|Mxqsjl}znvj
qlx~^rnjsZ%^:|\qsxhxxz@Y4Z\^mxql^!] § O§
 
ªh¯

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γ > 1
 
B
p = p(%)

4

¯5¯
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eh^mjsrxn%i 	O³\Ł8}qs^:O^mxjs^mﬁjsx8jlZ\^:|\qlxvxk§
2
V¡jWql^!]3}rn%i8jlx n\xzjl^-jsZ%}zj3jsZ\^¦jsZ\^¦ijl}zjs^!]_^mnjWxY4Z%^!xql^!] §  riW}nx¤hvrxoGi3xnGi^Xto%^!n%!^x
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VånjlZ\ri|%}zq}zql}|\ZP:'^r^jsZ\^:ql^!|\ql^mis^!n\ 
j}Ajlrxn%ix :'^m}¥£~r]_rjlixz2}z|%|\qsxI¨Or]3}Ajs^3isx~oOjsrxnGi:hr}-jlZ\^Bxo\n\¦]_^m}io%qs^Xi!§ 5^!jo%ixnGiruO^!q
jlZ\^Wis^mtvo\^!nG^3xz	isx~oOjsrxn%ijlx¦|\qlx¤\~^!]
=
!Z>§PV¡jàx~~x:iàqlx] 5^!]_]3}

§ jsZ%}zjjsZ%^!ql^3^¨Orijli:}
iso\¤%is^mtvo\^mn%^³7ikjlr~~BO^!n%xzjs^X¦¤hg
(%ε,

ε)
³ :	Z\ruZ ^mnAykxAgOijlZ\^8àx~~x:	rn\ﬁ|%qsx|G^mqjkg§ 5^j|Mxisr¼jlr^
γ
}n%
κ
¤G^:r^!n5§

xq}znhgW!xnvjsrnho\xo%i'ào%n%,jlrxn
G : Ω× Rλ 7→ R il}Ajlriàghrn%jlZ\^xn%Orjsrxn%i
(1 + |λ|)−γ(1+κ) sup
x∈Ω
|G(x, λ)| → 0 }i |λ| → ∞ = 	z?>
óó â`
ÏÔ	aXÖ
v  
&
1 .?) , ;.?&  .
}n%
Ω′ b Ω
³AjlZ\^	i^Xto%^!n%!^
G(x, %ε)
!xnh^mqs^mi :'^m}¥h~grn
L1(Ω′)
jsxix]_^&ào\nG,jsrxn
G ∈ L1loc(Ω)
§
b¦xql^!xA^mqm³4àxq}nhg !xnvjsrnho\xoGiﬁ¤Mxo\nGO^m ào\n%jsrxn
ϕ : R 7→ R ³jlZ\^ ào\n%jsrxn%i ϕ(%ε) Or  ε
!xnh^mqs^ :'^m}¥v~grn
L2(Ω)
jsx:ix]_^ào%n%,jlrxn
ϕ
Or  §Y4Z\^ 4}z~~  i^!qirxn]D HG%xzMjsZ\^4ào%n%\}z]_^mnj}z~
jlZ\^!xqs^m] xn Bxo%n\_]8^X}iso\ql^mi4r]8|%~r^mi'jlZ\^àx~~x:	rn\_ql^miso\~¼jX§
ª 
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  !CH$ﬀﬂ 	
σx ∈ C0(R)∗
W 
 "

σx ⊂ [0,∞)
$ﬀ1 
1
 
1(0Bﬀ1ﬁ 
 
G =
∫
[0,∞)
G(x, λ)dσx(λ) =
	

>
1  	 #ﬀﬂ 	

G
B
    %  

=
	/>

 )	


 ﬀﬂB

x 7→
∫
[0,∞)
λγ(1+κ)dσx(λ)
%B &% 
-
L1loc(Ω)


 ﬀﬂ 	

G
B
   !Y   	$
$B
 )HN 

(1+|λ|)−γ sup
x∈Ω
|G(x, λ)| →
0
	 |λ| → ∞  
B G(x, %ε) → G
 ;.ﬀP 
L1(Ω)

$Y"1$
Bﬀﬂ 


1 ﬀﬂ 	
1
p ∈ L1(Ω)

% ∈ Lγ(Ω) %/ )HBT%(
p(x) =
∫
[0,∞)
λγdσx(λ), %(x) =
∫
[0,∞)
λdσx(λ). =
	
	>
'g jl^mZ\n%rm}z~ql^m}ixn%i_r¼jWruiﬁ!xnh^mn\r^!nvj_jsx ql^!|\~u}!^jlZ\^¦]_^m}io%qs^
σx
:	r¼jlZ rjliOruikjlqsr¤\oOjlrxn
ào%n%,jlrxn
Γ(x, λ) := σx(−∞, λ] iso%ZjsZ%}zjjsZ%^]_^m}io\ql^ σx ri	jsZ\^ehjsr^!~jîyk^mi>]_^m}io\ql^ dλΓ(x, λ) §
Y4Z%^Oruijsqlr¤\o\jsrxnào\n%,jlrxnrui_]_^m}io\q}z¤%~^]:	r¼jlZql^mis|G^X,j_jsx
(x, λ) ∈ Ω × Rλ ³]8xn\xzjlxn\^-}znG
!xnvjsrnho\xoGi&àqlx] jsZ\^:qlrZvj4rn
λ
³
Γ(x, λ) = 0
àxq
λ < 0, Γ(x, λ) ↗ 1 }i λ↗∞. = 	AŁ?>
^m!}~~rn\4jsZ%}zj
σx
ri7jsZ\^4evjsr^!~jîyk^Xi]_^m}io%qs^@}ilisxh!r}zjs^X :	rjsZ
Γ(x, ·) :^&^jjsZ\^@àx~~x:	rn\4àxql]o\~u}z^
p(x) = γ
∫
[0,∞)
λγ−1(1− Γ(x, λ))dλ, %(x) =
∫
[0,∞)
(1− Γ(x, λ))dλ. = 	FZ>
ª

 O     
#B 
1
=
	F/>
 !#"ﬀ 
1
#0Bﬀ1ﬁ 
 
Γ(1 − Γ) = 0       Ω × Rλ
ﬂﬂ B 
p = p(%)

Vån£jsZ\^8qs^Xikjxz@jlZ\ri|%}ql}q}z|\Z :'^!xn%isr\^!qjlZ\^î}z]_r~g«xz&2}Oxn¦]_^m}iso\ql^mi
mε
xn
Ω × Rλ
\^	@%n\^X¤vg ∫
Ω×Rλ
Φ(x, λ)dmε(x, λ) := ε
∫
Ω
Φ(x, %ε(x))|∇%ε(x)|2dx = Ł?>
æ
Ú
ó5æäô
 	

	ﬁﬀﬂ
ﬃ
 !#"$$%	&'()*	$+-,
-*./	0	ﬀ1


àxq^m}Z
Φ ∈ C0(Ω× Rλ) § V¡j2àx~~x:i'àqlx] Y4Z\^!xqs^m]§ÅjsZG}AjjlZ\^!ql^:^¨Oruikj2}3iso\¤%is^mtvo\^mn%^³Gijsr~~
\^!n\xjs^m¤hg {%ε} ³\}zn%}_}Oxn]_^X}iso\qs^ m xn Ω× Rλ ioGZﬁjlZ%}Aj∫
Ω×Rλ
Φ(x, λ)dmε(x, λ) →
∫
Ω×Rλ
Φ(x, λ)dm(x, λ)
àxq}z~~
Φ ∈ C0(Ω× Rλ). = Ł\*>
{>¤hhrxo%is~g
m(Ω× (−∞, 0)) = 0 §Bb«xqs^mxA^!qX³^Xikjlr]3}zjs^mi = X>àqsx] Y4Z\^!xqs^m]§Ågvr^!~u
∫
Ω×Rλ
(1 + |λ|)−1dm(x, λ) <∞ . = Łv/>
 
ª ª
 
ª
;7
ª
 7Lm
¯
*7à
¬
 
x~~x:	rn\ D;FHGQ:^:rnvjsqlxh\o%^jlZ\^tvo%}znvjlr¼jkg
V (%,

) = p(%)−
(2 + ν)
Or

!}z~~^m£jsZ\^3^ M^X,jsr^3hruis!xo%i>²%o\¨T§P9>i:rj :'}i:iZ\x:	n rn D*FO³@XO³B!G&jsZ\^3^ M^X,jsr^
hruis!xo%i2²%oO¨¦^mnAykxAgOi2]3}nvg-ql^!]3}zql¥A}z¤\~^|\qlx|M^!qsjsr^mim§:Y4Z\^8]8xvikjr]8|Mxqsjl}nvj>rui2jlZ\^8]o\~jsr|\~rm}Ajsr^
ql^!~u}Ajlrxn
ϕ(%)V = ϕ(%) V
:	Z\ruZ :4}i&|\qlxA^m_rn Du;FHGTàxq4}z~~
γ > 3/2
§BY4Z\^ir]_|\~^|\qlxhxz5xzjsZ\rui
ql^miso\~jm³v¤%}is^m_xn_jsZ\^>n\^B: ^!qirxn_xx]_|M^!n%il}Ajl^m3!x]_|%}jsn\^Xisi&|\qlrn%!r|%~^³?:4}i&r^!n3rnW|%}|G^mqli
DXO³mGE§ Vån¦xo%q>!}i^³G¤hg 5^m]_]_}

§ %³GjsZ\^_qlr¼jlrm}z~^mijsr]_}zjs^ ‖%ε|  ε|2‖L(1+κ)(Ω′) ≤ c(Ω′)
Z\x~u\i
àxqB^!^!qlg
Ω′ b Ω
³?:	Z\ruZ3~^m}%ijsx:jlZ\^	àx~~x:	rn%~xO!}~%^mqlisrxn8xzTjsZ\^>x]_|M^!n%il}Ajl^m_x]_|%}jsn\^Xisi
ql^miso\~j4àqsx] DmG¡§
^jo%i!xn%isruO^!q	}ào\n%jsrxn
Φ ∈ C(Ω× R) iso%ZjsZ%}zj
Φ(·, λ) ∈ C0(Ω) àxq}z~~ λ ∈ R+, Φ(·, λ) = Φ∞(·) ∈ C0(Ω) àxq}~~ λ > N > 0. = Ł?>
ª
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(

ε, %ε)
% B0	ﬀ1B# 	ﬁﬀﬂ
 
 " ?%	&	!
=
m?>
B
    %
1  "
1$B	


 B! 


 
1	^	
Φ ∈ C(Ω× R) B
    % = Ł/> 
∫
Ω
Φ(·, %)V (%,  )dx =
∫
Ω
Φ V dx,
ﬂB 
V = p− (2 + ν)  )  . = Łz[>
4

¯5¯
5
_ ^ijl}qjN:	rjsZjsZ\^:x¤%is^!qlI}zjsrxnﬁjsZ%}zj	àxq	^!^!qlg
δ > 0
jsZ\^mqs^^¨Oruikji	}8ào\n%jsrxn
Φδ(x, λ) =
n∑
k=0
hk(x)ϕk(λ), hk ∈ C∞0 (Ω), ϕk ∈ C∞(R+), =
Ł/>
iso%Z3jlZ%}Aj
ϕ′k(λ) = 0
àxq
λ > 2N,
}znG |Φδ −Φ| ≤ δ § Vånﬁxql\^!qBjlx8!xn%ijsqlo%j Φδ n\xzjl^jlZ%}Aj'jsZ\^mqs^
}qs^>ào\n%jsrxn%i
ψk ∈ C∞(0, 2N) ³ hk ∈ C∞0 (Ω)
³
k = 1, .., n
}zn%
h0 ∈ C∞Ω
iso%ZjsZ%}zj
∣∣∣∣∣Φ(x, λ) − Φ∞(x) −
n∑
k=1
hk(x)ψk(x)
∣∣∣∣∣ ≤
δ
2
, |Φ∞(x) − h0(x)| ≤ δ
2
àxq}z~~
(x, λ) ∈ Ω× [0, 2N ] §Beh^j ϕ0 = 1 ³
ϕk = η(λ)ψk(λ)
àxq
λ ≤ 2N, }zn% ϕk = 0 xzjlZ\^!q:	rui^_³ 1 < k ≤ n, = Ł  >
óó â`
ÏÔ	aXÖ
  
&
1 .?) , ;.?&  .
:	Z%^!ql^
η : R 7→ [0, 1] rui	}3i]_xhxzjlZﬁào%n%,jlrxn-il}Ajlriàghrn%jlZ\^xn%Orjsrxn%i
η(λ) = 1
àxq
λ ≤ N, η(λ) = 0 àxq λ ≥ 2N.
V¡j	rui	~^m}qjlZ%}Aj4jlZ\^ào\n%jsrxn
Φδ
\^	@%n\^Xﬁ¤hg
=
Ł/>,³
=
Ł

>rui'jsZ\^:O^Xirqs^X}|\|\qlxI¨Or]3}Ajlrxn5§QX2^!n%!^:r¼j
iso W^Xijlx|%qsxA^:jsZ\^_|\qlx|Mxisrjsrxn-àxq
Φ(x, λ) = h(x)ϕ(λ)
:	rjsZ
h ∈ C∞0 (Ω)
}n%
ϕ ∈ C∞(R)
iso%ZjsZ%}zj
ϕ′(λ) = 0
àxq	~u}zql^
λ
§
>^!n\xjs^8¤hg 
Ω
jsZ\^_^¨hjl^!n%isrxn¦x|M^!q}Ajlxqio%Z£jsZ%}zj 
Ωu = u
rn
Ω
}zn% 
Ωu = 0
xo\jlisrO^
Ω
§
Y4Z%^}Iykxrnvjx|M^!q}Ajlxq  ∗
Ω
}ilirnGi&jlxW^!^!qlg3ào\n%jsrxn«rjli	ql^mijsqlru,jsrxnjlx
Ω
§ VånvjsqlxOOo%^jlZ\^~rn%^m}zq
^mjsxqlru}z~Tx|M^!q}Ajlxq
A
}zn%jsZ%^:]_}zjsqlr¼¨x|M^!q}Ajsxq
R
:	r¼jlZjlZ\^x]_|Gxn\^!nvjli
Ai =
 ∗
Ω∆
−1∂xi

Ω, Rij =
 ∗
Ω∂xi∆
−1∂xj

Ω, 1 ≤ i, j ≤ 3.
^m!}~~&jsZ%}zjjlZ\^ﬁx|G^mql}zjsxqli
Rij : L
r(Ω) 7→ Lr(Ω) ³ Ai : Lr(Ω) 7→ H1,r(Ω) }qs^W¤Mxo%n%O^m àxq
^m^mqsg
r > 1
§Bb¦o\~¼jlr|%~ghrn\3qs^mo\~u}zqlr¢!^mﬁ]_x]_^!nvj	¤%}z~u}znG^^mtvo%}zjsrxn
=
m}>'¤hg
h
:'^:}zqlqsr^}Aj
h(α%ε +
√
ε%5ε)

ε +
Or
{
h

ε ⊗ (%ε  ε − ε∇%ε)− Σ(h  ε) + hpε   +  ε ⊗∇h+
∇h⊗  ε + ν∇h ·  ε  
}
−
{

ε ⊗ (%ε  ε − ε∇%ε)− Σ(  ε) + pε  
}
∇h = h%ε <
`2^¨hj2}z|%|\~gWjsx8jsZ\^:¤MxzjlZ«iruO^mi4xjlZ\rui	r\^!nvjsrjkgWjlZ\^x|M^!q}Ajsxq
A
jsx3x¤\jl}zrn
A · {h(α%ε +
√
ε%5ε)

ε − h%ε < }+R : {h  ε ⊗ (%ε  ε − ε∇%ε)− Σ(h  ε) + hpε   +
2

ε ⊗∇h+ ν∇h ·  ε   } = A ·
{(

ε ⊗ (%ε  ε − ε∇%ε)− Σ(  ε) + pε  
)
∇h
}
=
Ł 	>
eOrn%!^
h
ri	!x]_|%},js~gﬁiso\|\|Mxqsjs^Xrn
Ω
³ﬂ:^Z%}I^
R : {−Σ(h  ε) + hpε   } = hV (%ε,  ε)− (2 + ν)∇h ·  ε, R : ((∇h ·  ε)   ) = ∇h ·  ε. = ŁŁ?>
b¦o\~¼jlr|%~ghrn\WjlZ\^¤MxzjlZ isrO^Xix
=
Ł 	>	¤hg
ϕε = ϕ(%ε)
³Trnvjl^!q}Ajlrn%_jsZ\^qs^Xio\~j>xA^!q
Ω
³7}znG-o%irn\
ql^!~u}Ajlrxn%i
=
ŁŁ/>A:^:x¤Ojl}rn
∫
Ω
hϕεV (%ε,

ε)dx+
∫
Ω
ϕε
(Pε +Qε +R : (h%ε  ε ⊗  ε))dx = 0, = Ł/F?>
Pε = −2∇h ·  ε + 2R : (  ε ⊗∇h)−
A · {(%ε  ε ⊗  ε − Σ(  ε) + pε   )∇h+ %εh( < − α  ε)},
Qε = A ·
{
h
√
ε%5ε

ε + (ε

ε ⊗∇%ε)∇h
}−R : (εh  ε ⊗∇%ε).
{>n¦jsZ\^8xzjlZ\^!qZ%}n%7³T]o\~jsr|\~ghrn\jsZ%^¤MxzjlZ isrO^XixzBql^!o%~}qsr¢!^X-]_}isi>¤%}~}n%^^mtvo%}Ajlrxn
=
m¤>
¤hg
hϕ′(%ε)
:^^!j
hϕ′ε(%ε)
(
α%ε +
√
ε%5ε
)
+
Or
(hϕε

ε) + h
(
ϕ′ε(%ε)%ε − ϕε
)
Or

ε − ϕε∇h ·  ε =
ε
[
∆(hϕε)− 2∇h · ∇ϕε − ϕε∆h− hϕ′′(%ε)|∇%ε|2
]
+ hϕ′(ε)f. =
F?>
æ
Ú
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VånvjlqsxOOo%!^jsZ\^:^m,jlxqA@%^m~

ε = %
(n)
ε

ε
:	Z\^mqs^
%(n)ε = min{n, %}, n ≥ 1.
92|\|\~ghrn\_jlZ\^:x|M^!q}Ajlxq 
ε ·A := vε,iAi jsx_jlZ\^¤MxzjlZ-isruO^mi4x = F?>,³\rnvjs^!ql}zjsrn\8jsZ\^:ql^miso\~jxA^mq
Ω
³\}n%o%isrn\8jlZ\^:r\^!nvjsrjsr^mi
∫
Ω

ε·A∆(hϕε)dx =
∫
Ω
∇(hϕε)R  εdx,
∫
Ω

ε·A(hϕ′′(%ε)|∇%ε|2)dx = −
∫
Ω
hϕ′′(%ε)|∇%ε|2A·  εdx
:'^:}zqlqsr^}Aj4jlZ\^:^mtvo%}~rjkg
∫
Ω
{

ε(Pε + Qε)− h(A ·  ε)Iε
}
dx +
∫
Ω

εR
(
hϕε

ε
)
dx = 0, =
F\*>
Pε = A ·
{
αhϕ′(%ε)%ε + h(ϕ
′(%ε)%ε − ϕε) Or  ε − ϕε∇h ·  ε − hϕ′(%ε)f
}
,
Qε = A · {2ε∇h∇ϕε + εϕε∆h+ h
√
ε%5ε} − εR∇(hϕε),
Iε = εϕ
′′(%ε)|∇%ε|2.
±
x]¤\rn\rn\
=
Ł?F/>,³
=
F\*>4}zn%n\xjsrn\8jsZ%}zj
∫
Ω
(

εR(hϕε

ε)− ϕεR : (h%ε  ε ⊗  ε)
)
dx =
∫
Ω
(
vεiRij(hϕε

εj)− ϕεRij(h  εi  εj)
)
dx+
∫
Ω
ϕεR : [(%
(n)
ε − %ε)h

ε ⊗  ε]dx =
∫
Ω
huεj
(
ϕεRij

εi −  εiRijϕε
)
dx+
∫
Ω
ϕεR : [(%
(n)
ε − %ε)h

ε ⊗  ε]dx.
:'^x¤Oj}zrnﬁjlZ\^:^mtvo%}~rjkg
∫
Ω
hϕεV (%ε,

ε)dx =
∫
Ω
(

ε(Pε + Qε)− ϕε(Pε +Qε) + Rε − h(A ·  ε)Iε
)
dx+$ε, =
F/>
rn :	Z\ruZ!x]_|Gxn\^!nvji4xzﬃjsZ\^:^m,jlxq
Rε
}n%ﬁjsZ\^il!}~}q
$ε
O^	@Gn\^m¤hg
=
F?>
Rε,i = h

ε,j
(
ϕεRij

εi −  εiRijϕε
)
, $ε =
∫
Ω
ϕεR : [(%
(n)
ε − %ε)h

ε ⊗  ε]dx.
óó â`
ÏÔ	aXÖ

 
&
1 .?) , ;.?&  .
^m!}~~jsZG}Aj
%ε

ε ⊗  ε∇h → %  ⊗  ∇h }n% pε∇h → p∇h :'^m}z¥h~g rn L1+κ(Ω) }i ε → 0 §
X2^!n%!^³
Pε → P ≡ −2∇h  + 2R : (  ⊗∇h)−A · {
(
%
 ⊗  − Σ(  ) + p   )∇h+
h%( < − α  )} rn Lr(Ω) àxqisx]_^ r > 1, = FzZ>
Pε → P ≡ A · {αhϕ%+ h(ϕ′%− ϕ) Or  − ϕ∇h ·  − ϕ′hf} rn L2(Ω). = F/>
Sikjlr]3}Ajl^mi
=
	A/>'ghr^!~u
Qε → 0 rn L1(Ω) }zn% Qε → 0 rn L2(Ω) }i ε→ 0. = F  >
`2^¨hjm³hjlZ\^>ào\n%,jlrxn%i
Iε
}zql^2o\n\ràxql]_~g3¤Mxo%n%O^mﬁrn
L1(Ω)
}zn%xnh^!ql^R:'^m}¥v~g_rnﬁjsZ\^:is|%}!^2x
2}Oxn]_^m}io%qs^Xi
C∗0 (Ω)
jlx8jsZ\^}Oxn]_^m}io\ql^
Mϕ
O^B@%n\^Xﬁ¤hg
〈Mϕ, h〉 =
∫
Ω×[0,∞)
h(x)ϕ′′(λ)dm(x, λ),
:	Z%^!ql^:jsZ\^8]_^m}io\ql^
m
ri>r^mn¦¤hg
=
Ł/>:§:ehrn%^jsZ\^_i^Xtvo\^!n%!^

ε
!xnh^mqs^mi :'^m}¥v~grn
L6(Ω)
³
jlZ\^xnvjsrnvo%xo%iào\n%jsrxn%i
A ·  ε xnv^!ql^>o\n\ràxql]8~gWrn Ω jlx A ·  :	Z\ruZ-~^X}\i'jlx
lim
ε→0
∫
Ω
h(A ·  ε)Iεdx = 〈Mϕ, hA ·  〉. = F 	>
eOrn%!^3jsZ%^is^mtvo\^!nG^mi
ϕε
}zn%

ε
}qs^3¤Mxo\nGO^m rn
L∞(Ω)
}n%
L6(Ω)
³@ql^mis|G^X,jlr^!~g³ﬃr¼jàx~~x:i
àqlx] jsZ\^!x]_|G^mn%il}Ajs^X!x]_|%},jsn%^mili 5^!]_]3}àqsx] D!G5jlZ%}Aj
ϕεRij

εi −  εiRijϕε → ϕRij  i −  iRijϕ :'^m}z¥h~g3rn L2(Ω).
Y4Z%^!ql^àxql^³
Rε
!xnh^mqs^mi :'^m}¥v~gﬁrn
L3/2(Ω)
jsx
R = {  j(ϕRij  i −  iRijϕ)}. w}isisrn\_jsxﬁjsZ\^
~r]8rjrn
=
F>4}n%o%isrn\
=
Fz?>å 
=
F 	>A:'^x¤Oj}zrn
∫
Ω
hϕV dx =
∫
Ω
(

P− ϕP + R)dx −
∫
Ω
hA ·  dMϕ(x) +$ = FŁ?>
:	rjsZ |$| ≤ lim sup |$ε| §{>njsZ\^xjsZ\^mq	Z%}zn%5³O|%}ilis}^2jsxjsZ\^:~r]_rj	rn-^mtvo%}~rjsr^mi = Ł 	>4}n% = F?>
r^mi
hα%+
Or
{
h%
 ⊗  − Σ(h  ) + hpI +
 ⊗∇h+∇h⊗  +∇h · 
}
− (%  ⊗  − Σ(  ) + pI)∇h = h% < , = F?F?>
αhϕ′%+
Or
(hϕ

) + h(ϕ′%− ϕ) Or  − ϕ∇h ·  + hMϕ = ϕ′f = XZ>
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92|\|\~ghrn\ jlx jlZ\^-¤GxjsZ iruO^Xi_xz
=
F/F?>³
=
m/>jsZ\^-x|G^mql}zjsxqi
ϕA
}n%
 · A ³'qs^Xi|M^mjsr^m~g³&}zn%
}qso\rn\8}i4¤G^!àxql^ :^x¤\jl}zrn
∫
Ω
hϕV dx =
∫
Ω
(

P− ϕP + R)dx+
∫
Ω
hA ·  dMϕ(x) +$ , = X\H>
:	Z%^!ql^
$ =
∫
Ω
ϕR : [h(
 − %  )⊗  ]dx.
± x]¤\rn\rn\
=
FŁ/>4}znG
=
m\*>A:^@%n%}~~gﬁx¤Ojl}rn
∫
Ω
hϕV dx−
∫
Ω
hϕV dx = $ −$. = mv/>
'g 5^m]_]_}

§ jlZ\^is^mtvo\^mn%^
h%ε

ε⊗  ε xnh^!ql^XiW:'^m}z¥h~g_rn L1+κ(Ω) jsx h%  ⊗   x¤hvrxoGi~g
%
(n)
ε

ε =

ε
xnh^!ql^Xi:'^m}¥v~gWrn
L6(Ω)
jsx

§

qlx] jsZ\rui :^!xn%!~oGO^jsZ%}zj
|$| ≤ ‖R : [h(  − %  )⊗  ]‖L1(Ω) ≤ c‖h(
 − %  )⊗  ‖L1+κ/2(Ω) ≤
c lim sup
ε→0
‖h(  ε − %ε  ε)⊗  ε‖L1+κ/2(    h).
Y4Z%^ir]_r~u}zq}zqlo\]_^mnji	r^jsZ\^il}z]_^¤Mxo%n%-àxq
lim sup
ε→0
|$ε|. ehrn%^jsZ\^i^Xto%^!n%!^ %ε  ε ⊗  ε
rui4¤Mxo\n%\^mrn
L1+κloc (Ω)
}n%WjlZ\^is^mtvo\^!nG^
%ε
rui	¤Mxo\n%\^mrn
L1(Ω)
³1:^:Z%}I^
‖h(  ε − %ε  ε)⊗  ε‖L1+κ/2(    h) ≤ c(h)‖(%(n)ε − %ε)

ε ⊗  ε‖L1+κ/2(    h) ≤
c
( ∫
{%ε>n}∩  

h
(%ε|  ε|2)1+κ/2dx
)2/(2+κ)
≤ c‖%ε|  ε|2‖L1+κ(    h)
]_^mi {%ε < n}ι ≤ cn−ι,
:	Z%^!ql^
ι = κ(1 + κ)−1(2 + κ)−1 > 0
§X2^!n%!^ |$| + |$| → 0 }i n → ∞ §V¡jql^!]3}zrn%i>jsxn\xzjl^
jlZ%}Aj	jlZ\^:~^äj2isrO^x
=
mv>4Oxh^mi4n\xj2O^!|M^!nGxn
n
³G}zn%ﬁjsZ\^:~^!]_]3}8àx~~x:i!§
2
 
ª8¯
X/7  LO;7
¯8
°
ª
5
ª
z 

ª
\	
ª Y4Z\^n\xzjlrxnxz\xvis!r~~u}Ajsrxn\^à^mjﬃ]_^X}iso\qs^ :'}i5rnvjsqlxh\o%^X
rn DXHGTrnWxqlO^mq&jlxyko%ijsràg3jlZ\^>^!¨Orijs^mn%^2jsZ\^mxqlgàxqruis^!nvjsqlx|\ru	²Gx:i:	rjsZ!i]3}~~	A}z~o\^Xi&x5jsZ\^
}Oru}z¤%}zjsruxn%ikj}znvj
γ
§

x~~x:	rn% DIh³X*GjlZ\^xvis!r~~}zjsrxn£\^à^mj]_^X}iso\qs^}ilixOru}Ajl^m :	rjsZ£jsZ\^
is^mtvo\^mn%^
%ε
rui	O^B@%n\^m-}i'àx~~x:i
¯
X
p[%ε → % ](Ω) := sup
k≥1
(
lim sup
ε→0
∫
Ω
|Tk(%ε)− Tk(%)|pdx
)
,
:	Z%^!ql^
Tk(z) = kT (z/k)
³
T (z)
ri@}is]8xhxjsZ_xnG!}I^&ào\n%jsrxn5³?:	Z\rZ8rui^mtvo%}z~hjlx
z
àxq
z ≤ 1 }zn%
rui	}8xnGikj4àxq
z ≥ 3 §@Y4Z\^:is]8xhxjsZ\n\^Xisi'|\qlx|M^!qsjsr^mi'x Tk }zql^>n\xj	r]_|Mxqsjl}znvj}znG :'^m}znjl}¥^r¼j
óó â`
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Ô	aXÖ
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rn«jlZ\^isr]_|\~^mijàxqs]
Tk(z) = min{z, k}. Vån¦|%}qjlr!o\~}qm³%àxq2jsZ\^8i^Xto%^!n%!^xz %ε il}Ajlriàghrn%3jsZ\^
Zhgh|MxzjsZ%^mis^mi4xz 5^m]8]3}	h§ :^Z%}I^
¯ X
p[%ε → % ](Ω) = sup
k≥1
lim
ε→0
∫
Ω
|min{%ε, k} −min{%, k}|pdx ≥ sup
k≥1
∫
Ω
|Tk|pdx ,
:	Z%^!ql^ Tk = min{%, k}−min{%, k} §Y4Z\^r]_|Gxqj}znvjﬃ!xn%is^mtvo\^mn%^xz ^!]_]3} 	O§ 2rijsZ%^&àx~~x:	rn%
^!qirxnﬁxzjlZ\^qs^Xio%~¼j	xz S§  ^mrql^!ruis~7^j}z~ DXh³7mG5xnjsZ\^rnvjs^!ql}¤\r~rjkg3xzjsZ\^xilr~~}zjsrxn%i'O^à^X,j
]_^X}iso\qs^§(Vån xqO^mq>jlxàxql]o\~u}Ajl^jlZ\^3ql^miso\~¼jﬃ:'^_rnvjsqlxOOo%!^jlZ\^_ào\n%jsrxn Tϑ(x) \^	@%n\^X ¤vg¦jsZ\^
^Xtvo%}z~r¼jkg Tϑ(x) = min{%, ϑ}(x) −min{%(x), ϑ(x)} àxq}nhg ϑ ∈ C(Ω) §
ª 
 
      
/Bﬃ
1($ﬀﬂ!#"
1   	!      B!(!Y   


B ( ]$
-1

c
 /"B?	
 
ϑ
ﬀ1 

 
 0Bﬀ1ﬁ 
	
‖Tϑ‖1+γL1+γ(Ω) ≤ limε→0
∫
Ω
|min{%ε(x), ϑ(x)} −min{%(x), ϑ(x)}|1+γdx ≤ c = X?>
1 P	  
ϑ ∈ C(Ω)  #  

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Y4Z\^|\qsxhxr]8rjl}zjs^Xi4jsZ\^:|%qsxhxzﬃxz 5^!]_]3}_%§ àqsx] D!G¡§WV¡jri4^X}isr~gﬁis^!^mnﬁjlZ%}Aj
‖Tϑ‖1+γL1+γ(Ω) ≤ lim sup
ε→0
∫
Ω
|min{%ε(x), ϑ(x)} −min{%(x), ϑ(x)}|1+γdx. = XzZ>
X2^!n%!^³Gr¼jio W!^mi4jlxﬁiZ%x: jlZ%}Aj>jsZ\^qlrZvj2iruO^xjsZ\ruirn\^mtvo%}~rjkgZ%}i}W¤Gxo\n%-rn%O^!|M^!nGO^!nvj>x
ϑ
§B`2xzjsrn\8jsZG}Aj
|min{s′, ϑ} −min{s′′, ϑ}|1+γ ≤ (min{s′, ϑ} −min{s′′, ϑ})(s′γ − s′′γ) àxq}z~~ s′, s′′ ∈ R+,
}n%
%γ ≥ %γ ³ min{%, ϑ} ≤ min{%, ϑ} :'^-^!j8àxq3}znhg x]_|%}js~g io\|%|Gxqjl^m7³'n\xn\ En\^m}zjsr^
ào%n%,jlrxn
h ∈ C(Ω) ³
lim
ε→0
∫
Ω
h|min{%ε, ϑ} −min{%, ϑ}|1+γdx ≤ lim
ε→0
∫
Ω
h(min{%ε, ϑ} −min{%, ϑ})(%γε − %γ)dx ≤
lim
ε→0
∫
Ω
h(min{%ε, ϑ} −min{%, ϑ})(%γε − %γ)dx+
∫
Ω
(%γ − %γ)(min{%, ϑ} −min{%, ϑ})dx =
lim
ε→0
∫
Ω
h(%γε min{%ε, ϑ} − %γmin{%, ϑ})dx = lim
ε→0
∫
Ω
h(pε min{%ε, ϑ} − pmin{%, ϑ})dx. = X?>
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'g 5^m]_]_} 	h§  :	rjsZ
Φ(%, x) = h(x) min{%, ϑ(x)} ³vjsZ\^qsrZvj4iruO^xz = m/>,³OOrvruO^XW¤hg (2 + ν) ³
rui4^mtvo%}~Tjsx
lim
ε→0
∫
Ω
h(min{%ε, ϑ} Or  ε −min{%, ϑ} Or  )dx =
lim
ε→0
∫
Ω
h(min{%ε, ϑ} −min{%, ϑ}) Or  εdx− lim
ε→0
∫
Ω
h(min{%ε, ϑ} −min{%, ϑ}) Or  dx
≤ δ lim sup
ε→0
∫
Ω
h|min{%ε, ϑ} −min{%, ϑ}|1+γdx+ δ−γ lim sup
ε→0
∫
Ω
h(| Or  ε|+ | Or  |)(1+γ)/γ ≤
δ lim sup
ε→0
∫
Ω
h|min{%ε, ϑ} −min{%, ϑ}|1+γdx+ cδ−γ‖h||C(Ω). =
X

>
±
x]¤\rn\rn\
=
X

>4}n%
=
mv>,³\~^jsjsrn\
h→ 1 ³\}zn%Z\xhxisrn% δ io W!r^mnjl~gi]3}~~7r^mi = X/> 2
_ ^ qs^!àxql]o\~u}Ajl^«jsZ\rui-ql^miso\~¼j-rn js^mqs]3ixzjsZ\^ Oruikjlqsr¤\oOjlrxn ào\n%jsrxn
Γ
§ ^m!}~~>jsZG}Aj-jsZ\^
ào%n%,jlrxn%i
min{%ε, λ} }qs^o\n\ràxql]_~g¤Mxo\n%\^m}n% min{%ε, λ} \r  ε xnv^!ql^Xi :^X}z¥h~grn L2(Ω)
àxq	^m}Zn\xnO ¡n\^!v}Ajsr^
λ
§ VånjlqsxOOoG^jsZ\^ào%n%,jlrxn%i
Vλ =
(
min{%, λ} Or 
)
−min{%, λ} Or  ∈ L2(Ω), = X 	/>
H =
∫
[0,∞)
Γ(x, s)(1− Γ(x, s))ds, x ∈ Ω.
ª
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‖H‖L1+γ(Ω) + sup
λ
‖Vλ‖L1(Ω) ≤ c. =
XŁ?>
4
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_ ^:¤M^!rn :	r¼jlZjsZ\^:x¤%i^mqsA}zjsrxnWjlZ%}Aj¤hg 5^!]_]3}	h§z³
Tϑ(x) =
∫
[0,∞)
min{λ, ϑ(x)}dλΓ(x, λ) −min{
∫
[0,∞)
λdλΓ(x, λ), ϑ} = X/F?>
àxq^m}Z
ϑ ∈ C(Ω) §  qlx]djsZ\rui}n% jsZ\^WruO^mnjlr¼jkg %(x) = ∫
[0,∞)
(1 − Γ(x, λ))dλ :^W!xn%!~oGO^
jlZ%}Aj
Tϑ(x) =
ϑ(x)∫
0
Γ(x, s)ds
àxq
ϑ(x) ≥ %(x) }n% Tϑ(x) =
∞∫
ϑ(x)
(1− Γ(x, s))ds xjsZ\^mq :	rui^ . = X?>
óó â`
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Ô	aXÖ
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`2^¨hjZ%xvxvi^}Wi^Xtvo\^!n%!^x&xnvjlrnho\xo%in\xnO ¡n\^!v}Ajsr^ào%n%,jlrxn%i
ϑk → % }i k → ∞ }%§ ^§2rn Ω §
'g 5^!]_]3}	h§ %³%jsZ\^ào\n%,jlrxn%i Tϑk
}qs^:o\n%r¼àxqs]_~gﬁ¤Mxo\n%\^m-rn
L1+γ(Ω)
}zn%-!xnh^mqs^mi4}\§ ^§'rn
Ω
jsx_jlZ\^ào\n%jsrxn
T%(x) =
%(x)∫
0
Γ(x, s)ds =
∞∫
%(x)
(1− Γ(x, s))ds,
:	Z%rZ ghr^m~%i_jsZ\^«rn%!~o%isrxn T% ∈ L1+γ(Ω) § V¡jqs^m]_}rnGi8jsx n\xjs^-jsZG}AjW^mijsr]3}Ajl^ = XŁ/>8àxq H
x¤hvrxoGi~g_àx~~x:iàqlx] jsZ\^:rn\^mtvo%}~rjkg
H ≤ 2T% §
Vån-xqO^mqjlx3^mijsr]3}Ajs^ Vλ n\xzjl^jsZ%}zj
Vλ = :4  lim
ε→0
(
(min{%ε, λ} −min{%, λ}) \r  ε
)
−
(
:4 
lim
ε→0
min{%ε, λ} −min{%, λ}
)
Or 
,
:	Z%^!ql^
w − lim ri-jlZ\^ :'^m}z¥ ~r]_r¼j¦rn L1(Ω) §  qlx] jlZ\ri£}zn% jsZ%^ ¤Gxo\n%O^XOn\^mili«x8n\xqs]3i
‖ Or  ε‖L2(Ω)
:^x¤Ojl}rn
‖Vλ‖L1(Ω) ≤ lim sup
ε→0
(‖ \r  ε‖L2(Ω)+
‖ Or  ‖L2(Ω))‖min{%ε(x), λ} −min{%(x), λ}‖L2(Ω) ,
:	Z%rZ-}z~xn\C:	rjsZ
=
X>'ghr^!~u\i
=
XŁ>4}n%jsZ\^:~^!]_]3}àx~~x:im§
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V¡jàx~~x:i:àqsx] 	^m]3}zql¥ 	O§ jlZ%}Aj_Y4Z\^!xqs^m]

§  :	r~~'¤M^ﬁ|\qlxA^X rR:'^ﬁiZ%x:jlZ%}Aj
Γ(x, λ)(1 −
Γ(x, λ)) = 0
}~]_xvikj@^!^!qlg[:	Z\^!ql^rn
Ω×R § _ ^2is|\~rj@jsZ%^|\qlxvxGxGjlZ\ri&^mtvo%}~rjkgrnjlxjsZ\ql^!^ijs^m|%im§

rqlijm³hjlZ\^:¥hrn%^jsru^mtvo%}zjsrxnàxq4jlZ\^Oruikjlqsr¤\oOjlrxnﬁào\nG,jsrxn«rui	O^mqsr^X7§
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}z|\Z :'^iZ%x: jlZ%}Aj
jlZ\^Oruikjlqsr¤\oOjlrxnào\n%,jlrxn
Γ(x, λ)
xzjsZ\^ Bxo\n\_]_^m}io%qs^³\}ilixOru}Ajl^m]:	r¼jlZ«}3i^Xto%^!n%!^xisx~oO 
jlrxn%ijsx8|\qlx¤\~^!]
=
!?>!³\is}zjsrui @G^mi'ix]8^rnjl^!qsx ¡Or T^!ql^!nvjsru}z~%jsq}zn%is|Gxqj4^mtvo%}zjsrxnWnG}z]_^m}¥hrn\^jlr
^Xtvo%}Ajlrxn5§@Y4Z\ri4ql^miso\~jri4r^!n¤hg3jsZ\^àx~~x:	rn\_~^m]8]3}%§
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ζ ∈ C∞0 (Ω× R) ∫
Ω×Rλ
ζ{λα− f(x)}dλΓ(x, λ)dx +
∫
Ω×Rλ
Γ(x, λ)∇x,λζ ·wdλdx+
∫
Ω×Rλ
∂λζdm(x, λ) +
∫
Ω×Rλ
∂λζλM(x, λ)dx = 0. =
H>
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Ω × Rλ % )	 %  = Ł\;>  
1 B B/#)HB
- $A	  w =
(

(x),−λ  )  )   
1ﬀﬂ 	
 M  ? $  %(P
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	
M = − 1
2 + ν
∫
(−∞,λ)
(sγ − p)dsΓ(x, s) = 1
2 + ν
∫
[λ,∞)
(sγ − p)dsΓ(x, s), = X/>
  ﬂﬂ
p(x) =
∫
R
p(λ)dλΓ(x, λ)
  ﬁ!C$
 	)B#
x
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M(x, ·) H
 %ﬀﬂ/Y)$

B}q
λM(x, ·)  ﬂﬂT%B &% 
 L1(Ω)  '
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4  ¯5¯ 5T± Z\xhxvi^}znﬁ}qs¤\rjsq}zqlg
ϕ ∈ C∞(R) I}n\ruiZ\rn\8n\^m}q +∞ ³v}n%Wn%xzjs^2jsZ%}zjàxq	}znﬁ}qs¤\rjsq}zqlg
h ∈ C∞0 (Ω)
³
∫
Ω
{
hϕ′ε(%ε)(α%ε +
√
ε%5ε − f)− ϕε∇h ·

ε + h(ϕ
′
ε(%ε)%ε − ϕε)
\r

ε
}
dx+
∫
Ω
ε
{
−∆hϕε + hϕ′′(%ε)|∇%ε|2
}
dx = 0.
^jsjsrn\
ε→ 0 :^:x¤Ojl}rn
∫
Ω
(
αϕ′%h− ϕ∇h ·  − hfϕ′
)
dx+ =
mZ>
∫
Ω
h(ϕ′(%)%− ϕ) Or  dx+
∫
Ω×Rλ
h(x)ϕ′′(λ)dm(x, λ) = 0 .
^!]_]3}	h§ r^mijsZ%^:^¨O|\ql^milirxnﬁàxq4jsZ%^i^XxnGﬁrnvjs^!ql}~7}Aj	jsZ%^:qsrZvj	iruO^
∫
Ω
h(ϕ′(%)%− ϕ) Or  dx =
∫
Ω
h
[
(ϕ′%− ϕ) \r  + 1
2 + ν
(
(ϕ′%− ϕ)p− (ϕ′%− ϕ)p)]dx .
=
![>
`2^¨hjZ\xhxis^B}zn:}qs¤\rjsq}zqlgis]8xhxjsZào\n%jsrxn
η(λ)
A}zn\ruiZ%rn\	n%^m}zq
+∞ }zn%is^j ϕ(λ) = ∫∞λ η(s)ds.
^!]_]3}	h§ghr^!~u\i'jsZ%^:qs^m|\qs^Xi^mnvjl}Ajlrxn%i
ϕ′%(x) = −
∫
[0,∞)
λη(λ)dλΓ(x, λ), ϕ′(x) = −
∫
[0,∞)
η(λ)dλΓ(x, λ),
ϕ(x) =
∫
[0,∞)
{ ∞∫
λ
η(s)ds
}
dλΓ(x, λ) =
∫
[0,∞)
η(λ)Γ(x, λ)dλ,
óó â`
ÏÔ	aXÖ
h  
&
1 .?) , ;.?&  .
:	Z%rZ-}zql^:io\¤Gikjlr¼jloOjs^Xrnvjsx
=
m>4}n%
=
!/>4}znG~^m}Wjlx8jsZ\^:^XtoG}z~r¼jkg
∫
Ω×Rλ
hη{f − λα− λ Or  }dλΓdx−
∫
Ω×Rλ
η
Or
(h

)Γdxdλ−
∫
Ω×Rλ
hη′dm(x, t) +
1
2 + ν
∫
Ω
h
(
(ϕ′%− ϕ)p− (ϕ′%− ϕ)p
)
dx =
X?>
^m!}~~5jsZ%}zj
Γ
}znG
m
A}zn\ruiZàxq
λ < 0
³\jsZ%^:ào\n%jsrxn
G(λ, x) = (ϕ′(λ)λ − ϕ(λ))h(x) is}zjsrui @%^Xi
}~~@!xn%OrjsrxnGi2x5^m]_]_} 	h§³5}n%
h
rui!x]_|%},js~g¦iso\|\|Mxqsjs^m£rn
Ω
§ V¡jàx~~x:i2àqlx] jsZ%ri}znG
^!]_]3}	h§>jlZ%}Aj
∫
Ω
h
(
(ϕ′%− ϕ)p− (ϕ′%− ϕ)p
)
dx = −
∫
Ω×Rλ
hηλ(λγ − p)dλΓ(x, λ)dx−
∫
Ω×Rλ
h
{ ∞∫
λ
η(s)ds
}
(λγ − p)dλΓ(x, λ)dx = (2 + ν)
∫
Ω×Rλ
hηdλ
(
λM(x, λ)
)
dx. =


>
eOrn%!^
dλΓ(x, ·) ri	}8|\qlx¤G}z¤\r~rjkg3]_^m}io\ql^>}n% p(λ) = λγ ³hjlZ\^ào\n%,jlrxn M ri4n%xnO ¡n\^!v}Ajlr^>}znG
B}zq
λM ≤ 2p ∈ L1(Ω) §&eOo\¤%ijsrjsoOjlrn\ =   >'rnjlx = I>'}zn%n\xzjlrn%jlZ%}Aj4jsZ%^~rn\^m}q'Zho\~~7xzjsZ\^
is^j4xzào\n%jsrxn%i4rnﬁjlZ\^àxql]
hη
rui4O^!nGi^rn
C∞0 (Ω×R)
:^x¤\jl}zrn
=
;> :	Z\ruZ!x]_|\~^js^Xi'jsZ\^
|%qsxhxzk§
2
ª[8¯
 
  7 O*7
¯8 ¯
5ﬁ

ª
 7
8ﬃª
;7L
ª 
ﬃO*7
¯8 	^!n%xql]_}~r¢m}zjsrxnxz¥vrn\^!jsru^Xtvo%}Ajlrxn
=
 	>
rui}-xqs^_x'xo\q:]_^jsZ%xh5§ﬁ	^mm}z~~@jsZG}Aj:jsZ%^3n\xzjlrxn x4}ql^!n\xqs]3}~r¢!^X£isx~oOjsrxn5³rnvjlqsxOOo%!^m rn
|%rxn\^!^mqsrn\-|%}z|M^!q]D ŁGE³|\~u}IgOi:}zn r]8|Mxqsjl}nvjqsx~^3rn jsZ\^WjsZ\^mxqlg£xz!x]_|\ql^milir¤\~^_`>}Ihr^mq kevjsx¥^Xi
^Xtvo%}Ajlrxn%iBO^m^!~x|M^m8¤hg8wﬃ§ B§ 5rxn%i&}zn%CS§

^mrql^!rui~G^j}~L§b«xqs^mxA^!qX³IjsZ%^¥hrn\^!jsru	^mtvo%}zjsrxn_rjlis^!~
rui8}£ql^miso\~jxz2jsZ\^qs^mn\xql]3}z~r¢X}Ajlrxn |\qsxO!^mOo\ql^§

xqs]3}~~g :^!}zn qs^mn\xql]3}z~r¢m^W^mtvo%}zjsrxn
=
 	>
]o\~jsr|\~ghrn\W¤MxzjlZ¦r¼ji2isr\^mi¤hg-}8ào\n%jsrxn
Ψ′(Γ)
³:	Z%rZ«~^m}\i	jlx3jsZ\^jsq}zn%is|Gxqj^Xtvo%}Ajlrxn-àxq2}
ào%n%,jlrxn
Ψ(Γ)
§Y4Z\^yko%ijsr @Gm}Ajsrxn8xzMjsZ%ri@!xn%ijsqlo%,jlrxnrui@}O^!~ru!}Ajl^tvo\^mijsrxn8¤G^X!}o%i^ :'^	Oxn\xzj
¥hn\x: :	Z\^jlZ\^!qﬃjsZ%^ào%n%,jlrxn
Ψ′(Γ)
ruirnvjl^!q}z¤%~^ :	r¼jlZql^mis|G^X,jﬃjsxjsZ%^']_^X}iso\qs^
m
xqﬃn\xzjX§QVånGikjl^m}
x%jlZ\ri|%qsx|G^mqjkgﬃ:'^	iZ\x: jsZ%}zj
Ψ′(Γ)
is}zjsrui @%^XijsZ\^	isr]_|\~^}zn%^ T^mjsr^4rnjl^!ql}~rn\^mtvo%}~rjkg§Y4Z\^
ql^miso\~j	ri	r^!n¤hgWjsZ%^àx~~x:	rn\_~^m]_]_}%§
±
Z\xhxis^:}zn-}zql¤\rjsq}zqlg
t > 1
}zn%ﬁào\n%jsrxn
η ∈ C∞(R)
il}Ajlriàghrn%jlZ\^xn%Orjsrxn%i
η(λ) = 1
àxq
λ ≤ t− 1, η(λ) = 0 àxq λ ≥ t+ 1, η′(λ) ≤ 0,
}n% @\¨}ào\n%jsrxn
Ψ ∈ C2(R) iso%ZﬁjlZ%}Aj
Ψ′′(λ) ≤ 0, Ψ(λ) ≥ 0 àxq λ ∈ [0, 1], Ψ(0) = 0 .
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t > 2 + 2‖f‖L∞(Ω)/α 
∫
Ω×[−∞,t−1)
Ψ(Γ)dxdλ ≤ −(t+ 1)
∫
Ω×Rλ
η′
{
Ψ(Γ)(|  )  |+ 2α) + σM
}
dxdλ− =  	/>
σ(t+ 1)
∫
Ω×Rλ
η′λ−1dm(x, λ), σ = max
[0,1]
|Ψ′|.
4  ¯5¯ 5 5^j
θ3
}zn%
θ1
¤M^:qs^mo\~u}zqlrisrn\¥^!qln\^!~ui4rn
R
3 }n%
R
1 ³\ql^mis|G^X,jsr^m~g3rE§ ^§
θj ∈ D+(Rj),
∫
Rj
θj(x)dx = 1,
is|Oj
θj b {|x| ≤ 1}.
Y4Z%^!xqlqs^Xi|MxnGOrn%]_x~~r @%^mqli	}qs^O^B@%n\^m¤hg3jlZ\^:^mtvo%}~rjsr^mi
uk,∞(x, λ) = k
3
∫
Ω
θ3(k(x − y))u(y, λ)dy, u∞,k(x, λ) = k
∫
R
θ1(k(λ − µ))u(x, µ)dµ,
àxq_^m}Z
u ∈ L1loc(Ω × R)
}n% Oruij
(x, ∂Ω) > k−1
§ _ ^ :	r~~ir]_|\~gM:	qsrjs^
uk,n
rn%ijs^m} x
(uk,∞)∞,n
§&eOo\¤%ijsrjsoOjlrn\_jlZ\^js^Xikj	ào%n%,jlrxn
ζ(x, λ) = k3nϑ3(k(x0 − x))ϑ1(n(λ0 − λ)), Orij (x0, ∂Ω) > k−1, λ0 ∈ R,
rnvjsx
=
;>A:'^:}zqlqsr^}Aj4jlZ\^:^mtvo%}~rjkg
∂λ
{
[(λ(α +
\r

)− f ]Γk,n
}− αΓk,n − Or (Γk,n  )− ∂λ(m+ λM)k,n =
(r1)k,∞ + r2 + ∂λr3 ≡ r, = mŁZ>
:	Z%rZZ\x~u\i4jlqso%^rn«}znhgﬁOx]3}zrn
Ω′ × Rλ :	r¼jlZ0Oruikj (Ω′, ∂Ω) < k−1 § X2^!ql^jsZ\^:ql^!]3}zrn%O^mqli rj
}qs^r^mn¤hg
r1 = −(α+ Or  )∂λ[(λΓ)∞,n − λΓ∞,n], r2 = Or [(Γ∞,n  )k,∞ − Γk,n  ],
r3 = λΓk,n
Or
 − λ(Γ∞,n Or  )k,∞ + (Γ∞,nf)k,∞ − Γk,nf .
^m!}~~ﬃjlZ%}Aj
Γk,n
}n%
(m + λM)k,n
}zql^8is]_xhxzjsZ£ào\n%jsrxn%i:rn
Ω′ × R §8b«o%~¼jlr|\~ghrn%jlZ\^3¤MxzjsZ
isruO^mi4x
=
XŁ/>'¤hg
Ψ′(Γk,n)
}zn%n\xzjlrn%jlZ%}Aj
∂λΨ
′(Γk,n) ≤ 0 ³ M,m ≥ 0 :'^x¤Ojl}rn
(λα − f)∂λΨ(Γk,n)− Or x,λ(Ψ(Γk,n)w)− ∂λ
(
Ψ′(Γk,n)(m+ λM)k,n
)
≥ Ψ′(Γk,n)r . = ;FZ>
±
Z\xhxvi^:}zn«}qs¤\rjsq}zqlg3n\xnO En%^!}zjsr^>ào\n%jsrxn
h ∈ C∞0 (Ω)
:	rjsZ¦is|Oj
h b Ω′
§Bb«o%~¼jlr|\~ghrn%3jsZ\^
¤MxzjlZ iruO^Xixz
=
*F/>¤hg
h(x)η(λ)
}n% rnjl^!ql}zjsrn\-jsZ\^qs^Xio%~¼jxA^!q
Ω′ × Rλ :^}zqlqsr^W}zjjsZ\^
óó â`
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rn\^XtoG}z~r¼jkg
∫
Ω′×Rλ
Ψ(Γk,n)η
[
αh−∇h · 
]
dxdλ +
∫
Ω′×Rλ
hη′Ψ(Γk,n)(λ
Or 
+ λα− f)dxdλ−
∫
Ω′×Rλ
hη′Ψ′(Γn,k)(m+ λM)k,ndxdλ ≤ −
∫
Ω′×Rλ
hηΨ′(Γk,n)rdxdλ .
eOrn%!^
η′ ≤ 0 }znG m+ λM ≥ 0 ³:'^ZG}I^
∫
Ω′×Rλ
hη′Ψ′(Γk,n)(m+ λM)k,ndxdλ ≤ min
[0,1]
Ψ′
∫
Ω′×Rλ
hη′(m+ λM)k,ndxdλ ,
:	Z%rZghr^m~\i
∫
Ω′×Rλ
Ψ(Γk,n)η
[
αh−∇h · 
]
dxdλ +
∫
Ω′×Rλ
hη′Ψ(Γk,n)(λ
Or

+ λα− f)dxdλ−
min
[0,1]
Ψ′
∫
Ω′×Rλ
hη′(m+ λM)k,ndxdλ ≤ −
∫
Ω′×Rλ
hηΨ′(Γk,n)rdxdλ . =
IzZ>
`2x: xo\qjl}i¥_ruijsx_iZ\x: jlZ%}Aj'jsZ%^>qlrZvj'isrO^>js^mn%\ijsx
0
}i
k, n→∞ §  r¼¨W}n}zql¤\rjsq}zqlg n > 0 §
eOrn%!^jsZ\^:]3}z|%|\rn%
(x, λ) →  (x) ³1:	Z\rZ-Oxh^mi4n%xzj2O^m|G^mn%xn λ ³\¤M^!~xn\vijsx L∞(Rλ, H1(Ω)) ³
rj2àx~~x:i	àqlx] 5^m]_]_}O§ 3rnMD ŁGjlZ%}Aj
r2 → 0 rn L1loc(Ω × R)
:	Z\^mn
k → ∞ §{>¤hhrxo%is~g³\jlZ\^
is^mtvo\^mn%^
r3 → 0 xnv^!ql^Xi4rn L2loc(Ω × R)
:	Z\^!n
k → ∞ §RV¡j>àx~~x:iàqsx] jlZ\ruijlZ%}Aj>àxq2^X}Z
@%¨h^X
n
³
lim
k→∞
∫
Ω′×Rλ
hηΨ′(Γk,n)rdxdλ =
∫
Ω′×Rλ
hΨ′(Γ∞,n)ηr1dxdλ .
V¡jrui4^m}igWjsx3i^m^jsZ%}zj
∂λ[(λΓ)∞,n − λΓ∞,n](x, λ) = k
∫
R
θ(k(λ − µ))Γ(x, µ)dµ, θ(s) = sθ1′(s) + θ1(s).
eOrn%!^
θ
ri2x]_|%},jl~gio\|%|Gxqjl^m-}zn%
∫
R
θ(s)ds = 0
³OjlZ\^is^mtvo\^!nG^
∂λ[(λΓ)∞,n − λΓ∞,n](x, λ)
!xnh^mqs^mi&jsx
0
rn
Lrloc(Ω× R)
àxq	^m}Z
r <∞ §X^!nG^ r1 → 0 rn Lrloc(Ω× R)
³:	Z%rZr]_|\~r^mi
lim
n→∞
lim
k→∞
∫
Ω′×Rλ
hηΨ′(Γk,n)rdxdλ = 0.
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k →∞ ³ n→∞ rn = Iz>A:'^xnG~o%O^jsZ%}zj	jsZ\^:rn\^XtoG}z~r¼jkg∫
Ω×[−∞,t−1)
hΨ(Γ)dxdλ −
∫
Ω×Rλ
ηΨ(Γ)∇h ·  dxdλ ≤ = IOH>
−(t+ 1)
∫
Ω×Rλ
hη′
(
Ψ(Γ)(| Or  |+ 2α) +M
)
dxdλ − (t+ 1)
∫
Ω×Rλ
hη′λ−1dm(x, λ) .
Z%x~u\iàxqB}~~
t > 2α−1‖f‖L∞(Ω) +2
}zn%_}z~~\n\xnO ¡n\^!v}Ajsr^
h ∈ C∞0 (Ω)
§@`x: Z\xhxis^4}:is^mtvo\^mn%^
x&ào\nG,jsrxnGi
hj ∈ C∞0 (Ω)
io%Z£jsZ%}zj
hj → 1 }i j → ∞ rn Ω }zn% |∇hj(x)| ≤ j Oruikj (x, ∂Ω) §
eOo\¤%ijsrjsoOjlrn\
h = hj
rnvjsx
=
;>,³&~^!jjsrn\
j → ∞ ³B}zn% n\xzjlrn\£jsZ%}zj ‖∇hj ·  ‖L1(Ω) → 0
:^
@Gn%}z~~gﬁx¤Oj}zrn
=
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Γ(1− Γ) = 0 Y4Z\^~u}ij	|%}zqsj'xjlZ\^|\qsxhxri'¤%}i^XﬁxnWjlZ\^àx~~x:	rn\
~^!]_]3}
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∫
Rλ
η′(λ)M(x, λ)dλ = −
∫
[0,∞)
η′′(λ)Vλ(x)dλ , = I?>
ﬂ1	 Vλ
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−(2 + ν)
∫
Rλ
η′(λ)M(x, λ)dλ =
∫
[0,∞)
( ∫
[λ,∞)
η′′(s)ds
)( ∫
[λ,∞)
(tγ − p)dtΓ(x, t)
)
dλ =
∫
[0,∞)
η′′(s)
( ∫
[0,s)
dλ
∫
[λ,∞)
(tγ − p)dtΓ(x, t)
)
ds =
∫
[0,∞)
η′′(s)
( ∫
[0,∞)
min{t, s}(tγ − p)dtΓ(x, t)
)
ds =
∫
[0,∞)
η′′(s)(min{%, s}p−min{%, s}p)
)
ds.
{>n jsZ\^xzjlZ\^!q_Z%}n%7³ ^!]_]3} 	O§  ghr^m~%i
min{%, λ}p − min{%, λ}p = (2 + ν)Vλ(x), }zn% jsZ\^
~^!]_]3}àx~~x:i§
2
Yﬃ}z¥^
Ψ
rn_jlZ\^>isr]_|\~^mijBàxqs]
Ψ(Γ) = Γ(1−Γ) :	r¼jlZ σ = 1 §@ehrn%^ η′(λ) I}n\ruiZ\^Xiàxq λ < 1 ³
:'^Z%}I^
−
∫
Ω×Rλ
η′Ψ(Γ)(| \r  |+ 2α)dxdλ =
∫
[1,∞)
η′′(λ)dλ
∫
Ω×[1,λ)
Ψ(Γ(x, s))(| Or  (x)| + 2α)dxds,
−
∫
Ω×Rλ
η′λ−1dm(x, λ) =
∫
[1,∞)
η′′(λ)dλ
∫
Ω×[1,λ)
s−1dm(x, s) ,
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∫
Ω×[−∞,t−1)
Ψ(Γ)dxdλ ≤ (1 + t)
∫
[1,∞)
η′′(λ)℘(λ)dλ , =
X?>
rn :	Z\ruZﬁjlZ\^ào\n%jsrxn
℘ : [1,∞) 7→ R ri4r^!n¤vg
℘(λ) =
∫
Ω×[1,λ)
Ψ(Γ(x, s))(| Or  (x)|+ 2α)dxds +
∫
Ω
Vλ(x)dx +
∫
Ω×[1,λ)
s−1dm(x, s) .
V¡j	àx~~x:iàqsx] 5^m]_]_}	O§ jsZG}Aj	àxq
λ > 1
³
|℘(λ)| ≤ c(1 + ‖  ‖H1,2(Ω))‖H‖L2(Ω) + ‖Vλ‖L1(Ω) + c
∫
Ω×[1,∞)
(1 + λ)−1dm(x, λ) ≤ c ,
:	Z%^!ql^'}xn%ikj}znvj
c
Oxh^Xin%xzj@O^!|M^!n%8xn
λ
§ﬃ`2^¨hjBi^!j
η(λ) =
∞∫
λ
ω(s−t)ds ³:	Z%^!ql^ ω rui@}>is]_xhxzjsZ³
^m^mn5³\n\xnO En%^!}zjsr^ào\n%jsrxn¦iso\|\|Mxqsjs^XxnjsZ\^rnvjs^mqsA}z~
(−1, 1) }zn%-iso%Z-jsZ%}zj ∫
R
ω(s)ds = 1
§
Y4Z%^!nrn\^Xtvo%}z~r¼jkg
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∫
Ω×[−∞,t−1)
Ψ(Γ)dxdλ ≤ (1 + t) d
dt
(ω ∗ ℘)(t), = XzZ>
eOrn%!^jlZ\^>is]_xvxjsZ3ào%n%,jlrxn
(ω ∗℘)(t) ruio\n\ràxql]8~g_¤Gxo\n%O^X3xnWjsZ\^>rnvjs^mqsA}~ [1,∞) ³vjsZ%^!n3jlZ\^!ql^
rui&}i^Xto%^!n%!^
tk →∞ iso%Z_jsZG}Aj lim
k→∞
(tk +1)
d
dt (ω ∗℘)(tk) ≤ 0.
eho\¤Gikjlr¼jloOjsrn\
t = tk
rnjlx
=
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Z-x]_|\~^jl^mi4jlZ\^:|\qlxhxzx
Y4Z%^!xql^!]

§ \§
 
	A4	'	
DBG  §9	%}z]3i!³92qs¥hr3àxqb£}Ajs^m]3}Ajsr¥
  
³
=
;F 	

>2XI !v\§
D G  §W9	\}z]3i}zn% &§ X2^mO¤M^!ql

ﬀﬂB
 ,"1/$ 
 

-B1


#
=
eh|\qlrn\^!qs  @^mqs~u}zG³
'^mqs~rn^j_;F?F/>§
D G
±
§9]_xn5³9§ >xo%~rim³ B§%`2rql^!nh¤M^!ql%³
±
x]8]-§OwBo%qs^ 92|\~~E§%b¦}zjsZ5§
  
³
=
*FFZ>

zz  	
	h§
D /G _§_§19~~}ql ³192n\n5§%b¦}zjsZ5§
 
=
;F 	z?>BG 	X ¡?F%§
D G:G§7b § 4}z~~L§
)	$ ^
1Nﬀﬂ?!Y	
- 
 	! 	 ﬀﬂ&% !Cﬀﬂ$

rn  
	
C
1
 1ﬀﬂﬀﬂ!

 /B ( 
 
HB

 1

³ 5^mjso\ql^:`xjs^mirn-wBZhgOiru!im³
    
=
;FŁ?F?>A%! åF%§
D

G8§§
±
Z\^mn5³ §Aw^!qsjsZG}z]_^³Z9n\n5§/Vån%ikjX§X§zwxrn%m}zql^N9n%}~\`xn%~rn\^m}rql^
 
³
=
z?>

hI 
 
Ł%§
æ
Ú
ó5æäô
 	

	ﬁﬀﬂ
ﬃ
 !#"$$%	&'()*	$+-,
-*./	0	ﬀ1

 	
D 	HG:b § 8§ ± q}znG\}z~~L³ &§%Yﬃ}zqsjl}zqX³hwBqlxh§92b£e    ³
=
;FŁ?>ŁvI å/F
D ŁG:§%%§ 2rw^!qln%}\³Ow§ &§ 5rxn%im³ﬂVånh^mnjX§\b¦}AjlZ5§    ³
=
*FŁ?F?>&\! åz 	h§
D FG:§%%§ 2rw^!qln%}\³9§%%§\b£}Ay\}%³ ± x]_]-§%b¦}AjlZ5§OwBZhgOi!§   ³
=
*FŁ 	>


	I 

Ł/F\§
DmG§%%§ 2rw^!qln%}\³9§%%§\b£}Ay\}%³\%§192]-§%b¦}AjlZ5§%ehxOz§  ³
=
*FŁŁZ>/FA F\§
DBG X§  ^XO^!ql^!qX³ 
!Y	
$(!CH$ﬀﬂ  
1#
³
=
eh|\qlrn\^!qs  @^mqs~u}zG³O`^B:4  Bxql¥3^jz§5*F

F?>
DXGS2§  ^mrql^!ruis~L³ ± x]8]_^mnjX§\b¦}AjlZ5§%a2n\rT§ ± }qsx~rn%}^     ³
=
%*>BŁA FŁ%§
DmGS2§  ^!rql^!rui~E³T§Bb¦}zjso1I JO å`^*K!}isxAﬂL\³ X§@w^jl¢!^m~¼jlxA[L%³V,§Bevjsq}/Is¥hql}¤%}\³W92qlZ5§@}zjsrxn%}~'b¦^mZ5§
92n%}z~E§    5³
=
;F?F/F?>

FA F

§
D!/GS2§

^mrql^!ruis~L³9§ X§%`xAxzjsn1O³X§%wﬃ^!js¢m^!~jsxAﬂL\³OG§\xzb¦}AjlZ5§

~o%r-b«^XZ5§

³
=
z\H>,³OŁA å/F\§
DXGS2§

^!rqs^mris~
!^	   Bﬀ[  !#" 	$%	 

ﬁﬀﬂH
=
{2¨hàxql_an%r^!qirjkgwBql^milim³h{2¨hàxq
Z>
D

G  § r~¤%}zql}znG3`§ve7§Yqso%\rn\^!q 	
 ﬁ "

 
$


 )#B B1

	
0	ﬀ1
N,   /B
=
eO|\qsrn\^!qs  @^mqs~u}zG³ '^!ql~rn^j_;FŁ?>§
D 	HGb § 9§ ql}in%xis^!~ui¥hg³ 
 
 ) , ﬁﬀﬂ
1 
 "1B 

	
0Bﬀ1

=

r¢!]3}zjsr¢³b«xilx:
*F

/>
=
rn-	o%ilisr}n>,§
DmŁG:e7§ 8§ qs^ykn
=
^X1>,³B`§ &}%§ >r~^!n\¥hrn5³WS§ 9§ xqlrn³ 9§ 8§ >xisqso%Z%^!n\¥x%³b § 9§ q}i 
n%xis^!~  is¥hr y³ §hw§vb£}is~xAT³ §OeT§hb«r¼jkgv}zrn5³ Bo5§^V,§w^!jso\n\rn5³ &}%§ §h	oOjsrqi¥hr y³ § V,§\ehx¤Gx~^mM³
§&}\§ evjs^!jlis^!n\¥x%³ B§  §

}%O^!^mM³ S§e7§ Yﬃisr¼jl~}n%}O¢m^³

ﬀﬂB


ﬀH$ 
=
_ x~¼jl^!qik 
`2xhxqOZ\x ¦w&o\¤\~risZ\rn\%³qlxn%rn\^!n5³7*F 	/>
D;FGw§&§5rxn%im³


B!Y
ﬃ
-"	U   Aﬀﬂ   !^$





 !R"  $$%B M!Y /B 
=
{2¨hàxql-eOr^!nG^wBo\¤\~ru!}Ajlrxn5³M{2¨hàxq ;F/FŁ?>
DÅzGw§ &§ 5rxn%im³
  B!Y&	&% &%ﬃ"  /%B B!ﬃ   ﬁ  "1$
  )#B B1
Q0Bﬀ1

rn
§19qln\x~
=
^X1>'^j2}~L§³


B!C
	 

 1
	  "1B"1	
 )$
=
9]_^mqsru!}nb¦}zjsZ\^m]_}zj 
ru!}~ehxOr^jkg³OwBqlxAvruO^mn%^zZ>	X\ mvO§
DÅOBG §8§%b¦}¢ y}\³ﬂVå¢mM§9¥A}7§G`2}zo%¥e\e\eO³Geh^!qX§\b¦}zjm§
  
³
=
;F

Z>2mvA l 	z\§
DÅG §8§%b¦}¢ y}
, /% 	)^,/"?	
³
=
eO|\qsrn\^!qs  @^mqs~u}z ^mqs~rn^!jlz§;FŁv/>
DÅzGb §\w@}Oo\~u}\³92qlZ§%}Ajlrxn5§\b«^XZ5§9n%}~L§ 
 
³
=
;FŁ 	>'Ł/Fz lX\§
DÅA/Gb §%w@}Oo%~}%³
,
  

   ( "!# 
 " 	  Bﬀ[

ﬁﬀﬂH

Vån 

   $
 
 ?%	&	!(  

B+
1	
³%^m5§%:§%	oGisisx%³%z
OzhO³>oG}7§\b¦}zjm§³5³92ql}n\^³\	x]_^³7;F/F 	h§
DÅGw§ V,§BwB~xzjln\r¥xAT³&%§&eOx¥x~x:is¥hr
=
5^mi_|%qs^m|\o\¤\~rm}Ajlrxn%i_O^~ WVån%ijsrjsoOjPS&~r^
±
}zqsjl}zn `xG§BO³
`>}zn%!g\³v 	|%}z^mi>

P"/"1  

%xo\qln%}~Mxb£}AjsZ%^!]3}Ajlrm}z~

~o%r-b«^XZ%}zn\ru!im§
óó â`
ÏÔ	aXÖ
vŁ  
&
1 .?) , ;.?&  .
DÅ

G_§%wﬃ§ Mr^!]_^mqm³
*.ﬃ  )#B$1
/%B AﬀﬂB

=
eh|\qlrn\^!qs  @^mqs~u}zG³v`2^B:4  Bxql¥3^jz§5*FŁ/FZ>
DÅ
	HG 8§ MZ\^mn\%³ ± x]_]§Gb¦}AjlZ5§\wBZhgOi!§     ³
=
;F/F%*>'zŁ% kFzG§
æ
Ú
ó5æäô
Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles - BP 93 - 06902 Sophia Antipolis Cedex (France)
Unité de recherche INRIA Futurs : Parc Club Orsay Université - ZAC des Vignes
4, rue Jacques Monod - 91893 ORSAY Cedex (France)
Unité de recherche INRIA Lorraine : LORIA, Technopôle de Nancy-Brabois - Campus scientifique
615, rue du Jardin Botanique - BP 101 - 54602 Villers-lès-Nancy Cedex (France)
Unité de recherche INRIA Rennes : IRISA, Campus universitaire de Beaulieu - 35042 Rennes Cedex (France)
Unité de recherche INRIA Rhône-Alpes : 655, avenue de l’Europe - 38334 Montbonnot Saint-Ismier (France)
Unité de recherche INRIA Rocquencourt : Domaine de Voluceau - Rocquencourt - BP 105 - 78153 Le Chesnay Cedex (France)
Éditeur
INRIA - Domaine de Voluceau - Rocquencourt, BP 105 - 78153 Le Chesnay Cedex (France)
  	


  
ISSN 0249-6399
